FIRST-ORDER
DIFFERENTIAL EQUATIONS

OVERVIEW In Section 4.8 we introduced differential equations of the form dy/dx = f(x),
where f is given and y is an unknown function of x. When f is continuous over some inter-
val, we found the general solution y(x) by integration, y = f f(x) dx. In Section 6.5 we
solved separable differential equations. Such equations arise when investigating exponen-
tial growth or decay, for example. In this chapter we study some other types of first-order
differential equations. They involve only first derivatives of the unknown function.

Solutions, Slope Fields, and Picard’s Theorem

We begin this section by defining general differential equations involving first derivatives.
We then look at slope fields, which give a geometric picture of the solutions to such equa-
tions. Finally we present Picard’s Theorem, which gives conditions under which first-order
differential equations have exactly one solution.

General First-Order Differential Equations and Solutions

A first-order differential equation is an equation
dy
= Ty &)

in which f(x, y) is a function of two variables defined on a region in the xy-plane. The
equation is of first order because it involves only the first derivative dy/dx (and not
higher-order derivatives). We point out that the equations

'’ d . _
y'=flxy) and oy = fxy),
are equivalent to Equation (1) and all three forms will be used interchangeably in the text.

A solution of Equation (1) is a differentiable function y = y(x) defined on an interval
I of x-values (perhaps infinite) such that

d
L300 = f0,p()
on that interval. That is, when y(x) and its derivative y'(x) are substituted into Equation (1),

the resulting equation is true for all x over the interval /. The general solution to a first-
order differential equation is a solution that contains all possible solutions. The general
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solution always contains an arbitrary constant, but having this property doesn’t mean a
solution is the general solution. That is, a solution may contain an arbitrary constant with-
out being the general solution. Establishing that a solution is the general solution may re-
quire deeper results from the theory of differential equations and is best studied in a more
advanced course.

EXAMPLE 1  Show that every member of the family of functions

y = % + 2
is a solution of the first-order differential equation
dy 1
X 2-y

on the interval (0, 0©), where C is any constant.

Solution Differentiating y = C/x + 2 gives

dy d (1 e
dx_Cdx<x +0——x2.

Thus we need only verify that for all x (0, 00),

53 (5+9)

This last equation follows immediately by expanding the expression on the right-hand side:

- (§+)-45) -5

Therefore, for every value of C, the function y = C/x + 2 is a solution of the differential
equation. [

As was the case in finding antiderivatives, we often need a particular rather than the
general solution to a first-order differential equation y' = f(x, y). The particular solution
satisfying the initial condition y(xg) = yy is the solution y = y(x) whose value is y; when
x = x¢. Thus the graph of the particular solution passes through the point (xg, yo) in the
xy-plane. A first-order initial value problem is a differential equation y' = f(x, y)
whose solution must satisfy an initial condition y(xg) = yy.

EXAMPLE 2 Show that the function

X

y=Kx+1) —se

L

3

is a solution to the first-order initial value problem
dy 2

Solution The equation
dy

ax YT

is a first-order differential equation with f(x,y) = y — x.
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y On the left side of the equation:

» 2F v=GEh-ge dy 4 1 1
(0’5) 1E dx=dx(x+1—3€x)= —ge".
| | 7'/\ | X
-4 -2 L 2 4 On the right side of the equation:
T y—x=(x+1)—le"—x=l—lex
-3r 3 37
4
The function satisfies the initial condition because
FIGURE 15.1 Graph of the solution _ 1y _, _1_2
y(O)—[(x—i—l) 361;0_ I3

y=Kx+1) - %e" to the differential

equation dy/dx = y — x, with initial The graph of the function is shown in Figure 15.1.

. _2
condition y(0) = 3 (Example 2). Slope Fields: Viewing Solution Curves

Each time we specify an initial condition y(xg) = yy for the solution of a differential equa-
tion y' = f(x, y), the solution curve (graph of the solution) is required to pass through the
point (xg, yo) and to have slope f(xo, yo) there. We can picture these slopes graphically by
drawing short line segments of slope f(x, y) at selected points (x, y) in the region of the
xy-plane that constitutes the domain of f. Each segment has the same slope as the solution
curve through (x, y) and so is tangent to the curve there. The resulting picture is called a
slope field (or direction field) and gives a visualization of the general shape of the solu-
tion curves. Figure 15.2a shows a slope field, with a particular solution sketched into it in
Figure 15.2b. We see how these line segments indicate the direction the solution curve

takes at each point it passes through.
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FIGURE 15.2 (a) Slope field fordfi = y — x. (b) The particular solution

curve through the point (0, %) (Example 2).

Figure 15.3 shows three slope fields and we see how the solution curves behave by
following the tangent line segments in these fields.

Copyright © 2006 Pearson Education, Inc. Publishing as Pearson Addison-Wesley.



First-Order Differential Equations

Chapter 15

15-4

2277 | \NNSAS e
2777 [ T \NNSNANS e
2771 | VAANNRSSS S s

77711 VVANNNANARS S~~~
11 TEL AN ARRARS RS~
A TR ANANANNANNANSANS
AR AL AN L

NNV vvw__\\\\
~SNAAANAA L 177727
SNNNNNNA\ | 772272222
O SNNNNY w\\\\\\\\\\
NN Py
O N N Y e

1717///za\\\\\\\\\\\\
NN /7 s
[N
[SSSENNN
[DRRSN

]/ 7
] )P s

) P mns
[RUUSNRRY PPN
[BRORRRR N ST

2227777

SANNANAY

PSRN
D e ettt at e
Y
[177777720700000000-

VP e

N171177777200770000-
A\ 1177777772020
NNV 117722702222
NN 1177772727
SN\ [ 1777772022
SN\ 7172777722
SN\ [ 717727722
NN\NN\N\\V 171772277022
NN :\ 17772772227

—
g
—=
—
P
—

]1777 02200200000
J17777222000000000000
Y e e
PSS ST SN
o

X
2

(1 —=x)y+

©)

@@y =y—x?

72070171
22270171

/77777770
Wf17777277

FIGURE 15.3  Slope fields (top row) and selected solution curves (bottom row). In computer

renditions, slope segments are sometimes portrayed with arrows, as they are here. This is not to

be taken as an indication that slopes have directions, however, for they do not.

Constructing a slope field with pencil and paper can be quite tedious. All our exam-

ples were generated by a computer.

The Existence of Solutions

A basic question in the study of first-order initial value problems concerns whether a solu-

tion even exists. A second important question asks whether there can be more than one so-

lution. Some conditions must be imposed to assure the existence of exactly one solution,

as illustrated in the next example.

The initial value problem

EXAMPLE 3

»0) =0

>

J74/5

dy

dx

0 for which the

graph lies along the x-axis. A second solution is found by separating variables and inte-

has more than one solution. One solution is the constant function y(x)

=0

(x/5)° both satisfy the initial condition y(0)
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Example 3. Another solution is y = 0.
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and

5
<)5C> , forx=20
Yy = .

0, forx >0 n

In many applications it is desirable to know that there is exactly one solution to an ini-
tial value problem. Such a solution is said to be unique. Picard’s Theorem gives conditions
under which there is precisely one solution. It guarantees both the existence and unique-
ness of a solution.

THEOREM 1—Picard’s Theorem Suppose that both f(x, y) and its partial
derivative df/dy are continuous on the interior of a rectangle R, and that (xo, yo) is
an interior point of R. Then the initial value problem

dy
2 @), ) = w (2)

has a unique solution y = y(x) for x in some open interval containing x.

The differential equation in Example 3 fails to satisfy the conditions of Picard’s Theorem.
Although the function f(x, y) = y4/ 5 from Example 3 is continuous in the entire xy-plane,
the partial derivative df/dy = (4/5) yil/ 3 fails to be continuous at the point (0, 0) speci-
fied by the initial condition. Thus we found the possibility of more than one solution to the
given initial value problem. Moreover, the partial derivative df/dy is not even defined
where y = 0. However, the initial value problem of Example 3 does have unique solutions
whenever the initial condition y(x¢) = yo has yy # 0.

Picard’s Iteration Scheme

Picard’s Theorem is proved by applying Picard’s iteration scheme, which we now intro-
duce. We begin by noticing that any solution to the initial value problem of Equations (2)
must also satisty the integral equation

yx) =y + / f@, (1) dt (3)

because

X dy 3
/xo 2 4t = ) = ylxo).

The converse is also true: If y(x) satisfies Equation (3), then y' = f(x, y(x)) and y(x¢) = yo.
So Equations (2) may be replaced by Equation (3). This sets the stage for Picard’s interation
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method: In the integrand in Equation (3), replace y(¢) by the constant yy, then integrate and
call the resulting right-hand side of Equation (3) y;(x):

»nx) =yo + / f(t, yo) dt. (4)

This starts the process. To keep it going, we use the iterative formulas

yn-H(x) =)o + / f(tayn(t)) dt. (5)

The proof of Picard’s Theorem consists of showing that this process produces a sequence of
functions {y,(x)} that converge to a function y(x) that satisfies Equations (2) and (3) for
values of x sufficiently near x(. (The proof also shows that the solution is unique; that is,
no other method will lead to a different solution.)

The following examples illustrate the Picard iteration scheme, but in most practical
cases the computations soon become too burdensome to continue.

EXAMPLE 4  Tllustrate the Picard iteration scheme for the initial value problem

yV=x—-y  y0)=1

Solution For the problem at hand, f(x, y) = x — y, and Equation (4) becomes

»x) =1 +/ (t— 1adt yo =1
0

x2

2

1+ — X.

If we now use Equation (5) withn = 1, we get

x 2
1+ / (t -1 - % + t> dt Substitute y; for y in f(z, y).
0

x3

=l—x+x2—z.

ya(x)

The next iteration, with n = 2, gives

X 3
nx) =1+ / <t —1+t—2+ t6) dt Substitute y, for y in (7, y).
0

3 4
_ 2 _ X X
1 —x+x 3+4!.

In this example it is possible to find the exact solution because
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is a first-order differential equation that is linear in y. You will learn how to find the gen-
eral solution

y=x—1+Ce™
in the next section. The solution of the initial value problem is then
y=x—1+2"

If we substitute the Maclaurin series for e ™ in this particular solution, we get

2 3 4
x X x
y=x—1+2<1—x+2!—3!+4!— )
3 4 5
-1 - 2 _ X7 XX 4
=1-x+x 3+2<4! 5!—1— >,

and we see that the Picard scheme producing y3(x) has given us the first four terms of this
expansion. [

In the next example we cannot find a solution in terms of elementary functions. The
Picard scheme is one way we could get an idea of how the solution behaves near the initial
point.

EXAMPLE 5  Find y,(x) forn = 0, 1, 2, and 3 for the initial value problem

v =x+y%L  p0) =0.

Solution By definition, yy(x) = »(0) = 0. The other functions y,(x) are generated by the
integral representation

ym@=0ﬁ[V+@mﬂm

x* *
:3+/owww
0
We successively calculate
3
nw =73,
3
X X
y) =3 * s

3 7 11 15
S x
¥ =5 T3 T 2079 T 59535 -

In Section 15.4 we introduce numerical methods for solving initial value problems
like those in Examples 4 and 5.
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EXERCISES 15.1

In Exercises 1-4, match the differential equations with their slope

fields, graphed here.

15-8

(5] (=] 1
k= 2 g
i=t
s E =
m g R
z E “
= (9}
£ 8 —
= o o
8 = = = =
i) S Il
) —— ] e | ~—— ~] /4% | o— ) o
=] —— | | ~—— N \ / S = —
nmw —— | b | N~ ——— ~ \ / o m S
s — | s | ~—— ™~ \ / —— - fw)
9 — | b |~ ——— ~ \ / S i} Vn,.
G —- | S | ~——— ™~ \ / —— m ke
m — | b | ~——— | i ~1 /71N ]~ i 1 © < =]
o = - e ~ % ] = < - [}
7 f  Jt ././.IM..ﬂ SN S .2 = =) o)
I —— | b | ~—— ~| /71N ] —— =] —~ R2) °
th —_— | e | ~——— ~ \ / = (5] @ [~ m
o . — e | — O ~ | /Y | s . = = 5]
w.. (9] —— | bl o~ —— ~ \ / S ° ~ | ~ hw. w
S | ——— | e | S~ ——— I ~ \ / S = «nuu. - + = @ ™
< —_— | | ~——— A ~|/|\]—— SIS — = g Il
= M —_—— \.\\f\t_.\\\. ~——— w ~1 /4 A.ﬂ S ~ m x[ . ~ ~ m —_
=) (@)l o = um » = =)
- g+ T T8 + -~ ST= g ¥
4 = ° = | + IO
v LA ~ 0 3 — _ L8 o
35~ = g2 1 T o - g A
5 m I 2= Il I Il Il Qo —
-~ ~ T e ~,
M g ™ > rm =S >~ =~ VN
o . el . . . . o O .
5 ~ © =N = LR
g8 " et g 8 — D5 o=
= = = =
/ PN\ g D B e et g —_——\x | /S ———eeNN g
/ NN\ ~] |~ ———NNN | S NN [/
Ve BN NN AN — | o ————NNN | e —————etNAN\\ |/
777 F—~SNNANN N —] e e ———NNN | e ——————— NN\
1777 FRSNNAN A ] e |~ N | 7 RRRLRRRN AN A4t
1777 NN A —| S | N—— ———NN | e ——— AN\
1177 NN ~N | /X7 N~ ———NN | ————NWN\ e
[RRR| S P SRR RIS reaantit § E e naasnil Snassnaa N 1At Snaaat e\ ST S
~— -~ ~
SERE SYECIRER T AN | NS — NN N 1= AN N e s
AR 777711 /#P\ / v#//i ————oNNN | 7 ////ﬂ/ v R e
L ————\ S | N——— ——— N Ve NN\ VO Pl
WSy e ==\ Y=
L — ] ——— - 3 PSS .
N\ b S ) ol — | —~ ————NN | e NPT
N J.»\\.\,\\ e | \\.\lll\.lJllll\\.\ | ——————NY A.w /S s 1 /77 \.\\\er\\\\\\\

w0) =1

12. y' =y,
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13. ' =xy, (1) =1
14. y =x+y, »0)=0
15. y' =x+y, y0) =1
16. y) =2x —y, y(—1) =1
17. Show that the solution of the initial value problem
Y =x+y, yx) = n
is
y=—1—x+ (1 +xp+ yy)e* ™.

18. What integral equation is equivalent to the initial value problem

V' = fx), y(xo) = yo?

COMPUTER EXPLORATIONS

In Exercises 19-24, obtain a slope field and add to it graphs of the so-
lution curves passing through the given points.

19. y' = y with

a. (0, 1) b. 0,2) e (0,—1)
20. y' = 2(y — 4) with

a. (0, 1) b. (0,4) e (0,5)
21. y' = y(x + y) with

a. (0,1) b. (0,-2) e (0,1/4)  d. (—1,-1)
22. y' = y* with

a. (0, 1) b. 0,2) e (0,—1)  d. (0,0)
23. y' = (y — 1)(x + 2) with

a. (0,-1) b (0,1) e (0,3  d (1,—1
24. 5 = - with

a. (0,2) b. (0, —6) c. (—2V3,-4)

First-Order Linear Equations

15.2
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In Exercises 25 and 26, obtain a slope field and graph the particular
solution over the specified interval. Use your CAS DE solver to find
the general solution of the differential equation.

25. A logistic equation )" = y(2 — y), ¥(0) = 1/2;
0=x=4 0=y=3

26. y' = (sinx)(siny), »(0) =2, —-6=x=6, -6=y=6

Exercises 27 and 28 have no explicit solution in terms of elementary
functions. Use a CAS to explore graphically each of the differential
equations.

27. y =cos(2x —y), y(0)=2; 0=x=5 0=yp=35

28. A Gompertz equation )’ = y(1/2 — Iny), »(0) = 1/3;
0=x=4 0=y=3

29. Use a CAS to find the solutions of y' + y = f(x) subject to the
initial condition y(0) = 0, if f(x) is
a. 2x b. sin 2x c. 3e%? d. 2¢7? cos 2x.

Graph all four solutions over the interval —2 = x = 6 to com-
pare the results.

30. a. Use a CAS to plot the slope field of the differential equation

;3 4x+2
20y =1

over the region —3 = x = 3and -3 =y = 3.

b. Separate the variables and use a CAS integrator to find the
general solution in implicit form.

c. Using a CAS implicit function grapher, plot solution curves
for the arbitrary constant values C = —6, —4, —2,0,2,4,6.

d. Find and graph the solution that satisfies the initial condition
»(0) = —1.

A first-order linear differential equation is one that can be written in the form

d
o+ Py = 0, (1)

where P and Q are continuous functions of x. Equation (1) is the linear equation’s
standard form. Since the exponential growth/decay equation dy/dx = ky (Section 6.5)
can be put in the standard form

dy
E - ky = 0,
we see it is a linear equation with P(x) = —k and Q(x) = 0. Equation (1) is linear (in y)

because y and its derivative dy/dx occur only to the first power, are not multiplied together,

nor do they appear as the argument of a function (such as siny, e¥, or Vdy/ dx).
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EXAMPLE 1  Put the following equation in standard form:

dy )
X =X + 3y, x> 0.

Solution

d
aa x? + 3y

]
Il

3
—=xt 3y Divide by x

dy 3 Standard form with P(x) = —3/x

F XV =X and O(x) = x
Notice that P(x) is —3/x, not +3/x. The standard form is y* + P(x)y = Q(x), so the mi-
nus sign is part of the formula for P(x). [

Solving Linear Equations
We solve the equation

b

o+ POy = 0 2)
by multiplying both sides by a positive function v(x) that transforms the left-hand side into
the derivative of the product v(x) + y. We will show how to find v in a moment, but first we
want to show how, once found, it provides the solution we seek.

Here is why multiplying by v(x) works:

dy Original equation is
dx + P(x)y = O(x) in standard form.
d
v(x) d%c} + P(x)v(x)y = v(x)0(x) Multiply by positive v(x).
d v(x) is chosen to make
e o) = dy
4 (0(2)9) = v(x)0) oy~ Ly
Integrate with respect
v(x)-y = [ v(x)O(x) dx ox
1
Y =00 v(x)O(x) dx (3)

Equation (3) expresses the solution of Equation (2) in terms of the function v(x) and QO(x).
We call v(x) an integrating factor for Equation (2) because its presence makes the equa-
tion integrable.

Why doesn’t the formula for P(x) appear in the solution as well? It does, but indi-
rectly, in the construction of the positive function v(x). We have

d dy B
E (Uy) =v a + Puvy Condition imposed on v

dy  dv ly
Lre +y o Ve + Puvy Product Rule for derivatives
dU _ d_]:
Vi~ Puy The terms v - cancel.
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This last equation will hold if

—— = Pv
dx
dv
BT P dx Variables separated, v > 0
dv .
/ o = P dx Integrate both sides.
Since v > 0, we do not need absolute
lnv=/de e <iome
value signs in In v.
elnu = e‘[de Exponentiate both sides to solve for v.
v =elPd (4)

Thus a formula for the general solution to Equation (1) is given by Equation (3), where
v(x) is given by Equation (4). However, rather than memorizing the formula, just remem-
ber how to find the integrating factor once you have the standard form so P(x) is correctly
identified.

To solve the linear equation y’ + P(x)y = Q(x), multiply both sides by the
integrating factor v(x) = e/ ?® % and integrate both sides.

When you integrate the left-hand side product in this procedure, you always obtain the
product v(x)y of the integrating factor and solution function y because of the way v is
defined.

EXAMPLE 2  Solve the equation

dy 5
XX + 3y, x> 0.

Solution First we put the equation in standard form (Example 1):

Adrien Marie Legendre
(1752-1833)

3
dx_xy_x’

so P(x) = —3/x is identified.
The integrating factor is

v(x) — efP(x)dx — ef(—S/x)dx
Constant of integration is 0,

_ ,-3In|x| i ! ‘
=e S0 v is as simple as possible.
— e—3 Inx x>0
_ lnx? _ i
= e = 3

X
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Next we multiply both sides of the standard form by v(x) and integrate:

1o (3 N _ 1.
o3\ XY e

13 1
x3 dx X4 xZ
a%’c <x13y> = )517 Left-hand side is % (v+y).
1o [,
w3 y= %2 X Integrate both sides.
1 1
;y = —Y + C

Solving this last equation for y gives the general solution:

y=x3<—)1C+C>=—x2+Cx3, x> 0.

EXAMPLE 3  Find the particular solution of
3xy)) —y =1Inx + 1, x>0,
satisfying y(1) = —2.

Solution With x > 0, we write the equation in standard form:

o1 _Inx+1
Y 3x” 3x
Then the integrating factor is given by
v = ef—dx/?)x — e(—l/3)lnx — X_1/3. c>0
Thus
x—]/3y = ;/(lnx + x4 dx. Left-hand side is vy.

Integration by parts of the right-hand side gives
x By = —xBnx + 1) + /x4/3 dx + C.
Therefore
x By = —xBnx+ 1) - 3B+ C
or, solving for y,
y=—(Inx + 4) + Cx'/3,
When x = 1 and y = —2 this last equation becomes

—2=-(0+4)+C,

Copyright © 2006 Pearson Education, Inc. Publishing as Pearson Addison-Wesley.



FIGURE 15.5 The RL circuit in
Example 4.
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S0
C=2.
Substitution into the equation for y gives the particular solution
y =23~ Inx — 4. [

In solving the linear equation in Example 2, we integrated both sides of the equation
after multiplying each side by the integrating factor. However, we can shorten the amount
of work, as in Example 3, by remembering that the left-hand side always integrates into
the product v(x) - y of the integrating factor times the solution function. From Equation (3)
this means that

v(x)y = / v(x)Q(x) dx.

We need only integrate the product of the integrating factor v(x) with the right-hand side
O(x) of Equation (1) and then equate the result with v(x)y to obtain the general solution.
Nevertheless, to emphasize the role of v(x) in the solution process, we sometimes follow
the complete procedure as illustrated in Example 2.

Observe that if the function Q(x) is identically zero in the standard form given by
Equation (1), the linear equation is separable:

dy

o P(x)y = O(x)

dy

o + P(x)y =0 O(x) =0

dy = —P(x) dx Separating the variables

We now present two applied problems modeled by a first-order linear differential
equation.

RL Circuits

The diagram in Figure 15.5 represents an electrical circuit whose total resistance is a con-
stant R ohms and whose self-inductance, shown as a coil, is L henries, also a constant.
There is a switch whose terminals at @ and b can be closed to connect a constant electrical
source of V volts.
Ohm’s Law, JV = RI, has to be modified for such a circuit. The modified form is
di .
L~ +Ri=V 5

T RI=V, (5)
where i is the intensity of the current in amperes and ¢ is the time in seconds. By solving
this equation, we can predict how the current will flow after the switch is closed.

EXAMPLE 4  The switch in the RL circuit in Figure 15.5 is closed at time r = 0. How
will the current flow as a function of time?

Solution Equation (5) is a first-order linear differential equation for i as a function of z.
Its standard form is

; (6)
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FIGURE 15.6 The growth of the current
in the RL circuit in Example 4. [ is the
current’s steady-state value. The number

t = L/R is the time constant of the circuit.

The current gets to within 5% of its
steady-state value in 3 time constants
(Exercise 31).

and the corresponding solution, given that i = 0 when ¢ = 0, is

_V _V
=R~ RE (7)

(Exercise 32). Since R and L are positive, —(R/L) is negative and e ®/2 — ( as t — o,

Thus,

lim i = lim <V— R’fe‘m/“f) VY _Yo=-T

t—>00 t—00 \ R

At any given time, the current is theoretically less than V'/R, but as time passes, the current
approaches the steady-state value J'/R. According to the equation

di

= 4 R

L i Ri =V,
I = V/R is the current that will flow in the circuit if either L = 0 (no inductance) or
di/dt = 0 (steady current, i = constant) (Figure 15.6).
Equation (7) expresses the solution of Equation (6) as the sum of two terms: a

steady-state solution ///R and a transient solution —(¥/R)e”®/"" that tends to zero as
t— 0OQ, |

Mixture Problems

A chemical in a liquid solution (or dispersed in a gas) runs into a container holding the lig-
uid (or the gas) with, possibly, a specified amount of the chemical dissolved as well. The
mixture is kept uniform by stirring and flows out of the container at a known rate. In this
process, it is often important to know the concentration of the chemical in the container at
any given time. The differential equation describing the process is based on the formula

Rate of change rate at which rate at which
of amount = chemical — chemical (8)
in container arrives departs.

If y(¢) is the amount of chemical in the container at time 7 and V(¢) is the total volume of
liquid in the container at time #, then the departure rate of the chemical at time 7 is

(@)
Departure rate = 0 (outflow rate)
[ concentration in
container at time ¢ | * (Outflow rate). ©)
Accordingly, Equation (8) becomes
d t
?); = (chemical’s arrival rate) — }I}/((t)) (outflow rate). (10)

If, say, y is measured in pounds, / in gallons, and # in minutes, the units in Equation (10) are

pounds  pounds  pounds gallons

minutes  minutes  gallons minutes
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EXAMPLE 5 1In an oil refinery, a storage tank contains 2000 gal of gasoline that ini-
tially has 100 b of an additive dissolved in it. In preparation for winter weather, gasoline
containing 2 1b of additive per gallon is pumped into the tank at a rate of 40 gal/min. The
well-mixed solution is pumped out at a rate of 45 gal/min. How much of the additive is in
the tank 20 min after the pumping process begins (Figure 15.7)?

@ 40 gal/min containing 2 1b/gal

45 gal/min containing % Ib/gal

FIGURE 15.7 The storage tank in Example 5 mixes input
liquid with stored liquid to produce an output liquid.

Solution Let y be the amount (in pounds) of additive in the tank at time 7. We know that
y = 100 when ¢ = 0. The number of gallons of gasoline and additive in solution in the
tank at any time 7 is

al al
V(1) = 2000 gal + <4og. — 45 g.) (+ min)
min min
= (2000 — 5¢) gal.
Therefore,
(@)
Rate out = = outflow rate Eq. (9)
")
(Y 45 Outflow rate is 45 gal/min
~ \ 2000 — 5¢ andv = 2000 — 5¢.
_ 4y b
"~ 2000 — 5¢ min
Also,
al
Rate in = <2 “’) (40 g.>
gal min
o db
. Omin’ Eq. (10)

The differential equation modeling the mixture process is

dy 45y
ar = 807 5000 = 5

in pounds per minute.
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To solve this differential equation, we first write it in standard form:

dy 45
dr T 2000 — 50 = 80

Thus, P(t) = 45/(2000 — 5¢) and O(#) = 80. The integrating factor is

U(t) :edet:efﬁdt

= ¢ 9In(2000-30) 2000 — 5¢ > 0

(2000 — 57)7°.
Multiplying both sides of the standard equation by v(#) and integrating both sides gives

d
(2000 — 51 (di + oo y) = 80(2000 — 5¢)°

d
(2000 — 51)7° % + 45(2000 — 51)71%y = 80(2000 — 5¢)°

% [(2000 — 50)7°y] = 80(2000 — 5)~°

(2000 — 5¢) %y = / 80(2000 — 5¢) % dt

o (2000 — 51)°8
(2000 — 5¢) %y = SO-W + C.

The general solution is
y = 2(2000 — 5¢) + C(2000 — 5¢)°.
Because y = 100 when ¢ = 0, we can determine the value of C:
100 = 2(2000 — 0) + C(2000 — 0)°

3900
(2000)°

The particular solution of the initial value problem is

3900
(2000)°

y = 2(2000 — 5¢) — (2000 — 5¢)°.

The amount of additive 20 min after the pumping begins is

3900
(2000)°

1(20) = 2[2000 — 5(20)] — [2000 — 5(20)]° ~ 1342 Ib.
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Solve the differential equations in Exercises 1-14.

1.

6. (1+x)y’+y=\/);

10.
11.
12.

13.

14

x@+ =e', x>0 Zex@+2e" =1
Y ’ T odx Y
.xy’+3y=sl%, x>0
.y + (tanx)y = cos’x, —m/2 <x < m/2
d
x4y =1 x>0

7. 2y = e? + y

ey + 2ey = 2x 9. xy —y=2xInx

dy  cosx

xaz X -2y, x>0
3 ds 2 _

(t—l)E+4(t—1)s—t+1, t>1
ds 1

t+ DS =3+ 1)+ ——, t>—1

(4 DG+ =30+ D+

. odr _

smﬂ%-‘r(cosO)r—tanG, 0<6<m/2
dr .2

.tanG%-i—r—smO, 0<0<m/2

Solve the initial value problems in Exercises 15-20.

15.

16.

17.

18.

19.

20.

21.

22.

D=3 o) =1

dt y =3, y()_

dy ;

tE‘i‘Zy—l, t >0, y(Z)—l

dy .

60— +y=sin0, 6>0, yw/2)=1

do

dy 5

9?0—2y=0 secOtan®, 0 >0, y(m/3) =2
(4—1)@—2(24—)=67x2 > —1 (0) =5
o dx * WEST e >V
Yooy 0) = =6

dx Xy = X, y()_

Solve the exponential growth/decay initial value problem for y as
a function of 7 thinking of the differential equation as a first-order
linear equation with P(x) = —k and Q(x) = 0:

dy

—— = ky (kconstant),

dt y(o) =)o

Solve the following initial value problem for u as a function of #:

% + %u = 0 (kand m positive constants), u(0) = ug

23.

24.

25S.

26.

27.

28.

a. as a first-order linear equation.
b. as a separable equation.

Is either of the following equations correct? Give reasons for your
answers.

a. x/%dx=xln|x|+C b. x/%dx=x1n|x|+Cx

Is either of the following equations correct? Give reasons for your
answers.

1 _
a. @/ cosxdx = tanx + C

tanx + COS X

1
b. m/ cos x dx

Salt mixture A tank initially contains 100 gal of brine in which
50 Ib of salt are dissolved. A brine containing 2 1b/gal of salt runs
into the tank at the rate of 5 gal/min. The mixture is kept uniform
by stirring and flows out of the tank at the rate of 4 gal/min.

a. At what rate (pounds per minute) does salt enter the tank at
time 7?

b. What is the volume of brine in the tank at time #?

c. At what rate (pounds per minute) does salt leave the tank at
time ¢?

d. Write down and solve the initial value problem describing the
mixing process.

e. Find the concentration of salt in the tank 25 min after the
process starts.

Mixture problem A 200-gal tank is half full of distilled water.
Attime 7 = 0, a solution containing 0.5 1b/gal of concentrate en-
ters the tank at the rate of 5 gal/min, and the well-stirred mixture
is withdrawn at the rate of 3 gal/min.

a. At what time will the tank be full?

b. At the time the tank is full, how many pounds of concentrate
will it contain?

Fertilizer mixture A tank contains 100 gal of fresh water. A so-
lution containing 1 1b/gal of soluble lawn fertilizer runs into the
tank at the rate of 1 gal/min, and the mixture is pumped out of the
tank at the rate of 3 gal/min. Find the maximum amount of fertil-
izer in the tank and the time required to reach the maximum.

Carbon monoxide pollution An executive conference room of
a corporation contains 4500 ft* of air initially free of carbon
monoxide. Starting at time ¢ = 0, cigarette smoke containing
4% carbon monoxide is blown into the room at the rate of
0.3 ft*/min. A ceiling fan keeps the air in the room well circulated
and the air leaves the room at the same rate of 0.3 ft*/min. Find
the time when the concentration of carbon monoxide in the room
reaches 0.01%.
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29. Current in a closed RL circuit How many seconds after the
switch in an RL circuit is closed will it take the current i to reach
half of its steady-state value? Notice that the time depends on R
and L and not on how much voltage is applied.

30. Current in an open RL circuit If the switch is thrown open
after the current in an RL circuit has built up to its steady-state
value / = V/R, the decaying current (graphed here) obeys the
equation

di
= 4+ R
L i Ri =0,
which is Equation (5) with ' = 0.
a. Solve the equation to express 7 as a function of 7.
b. How long after the switch is thrown will it take the current to
fall to half its original value?

c. Show that the value of the current when # = L/R is I/e. (The
significance of this time is explained in the next exercise.)

=<

R~

)
x|~

L
3%

=~

31. Time constants Engineers call the number L/R the time con-
stant of the RL circuit in Figure 15.6. The significance of the time
constant is that the current will reach 95% of its final value within
3 time constants of the time the switch is closed (Figure 15.6).
Thus, the time constant gives a built-in measure of how rapidly an
individual circuit will reach equilibrium.

a. Find the value of i in Equation (7) that corresponds to
t = 3L/R and show that it is about 95% of the steady-state
value I = V/R.

b. Approximately what percentage of the steady-state current
will be flowing in the circuit 2 time constants after the switch
is closed (i.e., when ¢ = 2L/R)?

32. Derivation of Equation (7) in Example 4

a. Show that the solution of the equation

di R._V

===

at 1T I

is
1= s o,

b. Then use the initial condition i(0) = 0 to determine the value
of C. This will complete the derivation of Equation (7).

c. Show thati = V/R is a solution of Equation (6) and that
i = Ce®/Ll gatisfies the equation

HISTORICAL BIOGRAPHY

James Bernoulli
(1654-1705)

A Bernoulli differential equation is of the form

dy )
= Plx)y = 0Ly

Observe that, if » = 0 or 1, the Bernoulli equation is linear.
For other values of 7, the substitution # = y' ™" transforms
the Bernoulli equation into the linear equation

% (1= PO = (1 — n)0k).

For example, in the equation

@_ :efx 2
P y

we have n = 2, so thatu = y'"2 = y"'and du/dx =
—y 2 dy/dx. Then dy/dx = —y? du/dx = —u? du/dx.
Substitution into the original equation gives

Hdu _ e —
R B

dx
or, equivalently,

du _
Ctu=—e
ot e

This last equation is linear in the (unknown) dependent
variable u.

Solve the differential equations in Exercises 33-36.

33. ) —y = —)?
35. xp) +y=y2

34. y —y = x?
36. x%y' + 2xy = >
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We now look at three applications of first-order differential equations. The first application
analyzes an object moving along a straight line while subject to a force opposing its motion.
The second is a model of population growth. The last application considers a curve or curves
intersecting each curve in a second family of curves orthogonally (that is, at right angles).

Resistance Proportional to Velocity

In some cases it is reasonable to assume that the resistance encountered by a moving object,
such as a car coasting to a stop, is proportional to the object’s velocity. The faster the object
moves, the more its forward progress is resisted by the air through which it passes. Picture
the object as a mass m moving along a coordinate line with position function s and velocity
v at time 7. From Newton’s second law of motion, the resisting force opposing the motion is

Force = mass X acceleration = m%
If the resisting force is proportional to velocity, we have
dv _ dv _  k
mos= kv or = mv (k> 0).

This is a separable differential equation representing exponential change. The solution to
the equation with initial condition v = vy at ¢t = 0 is (Section 6.5)

v = yge M, (1)

What can we learn from Equation (1)? For one thing, we can see that if m is something
large, like the mass of a 20,000-ton ore boat in Lake Erie, it will take a long time for the
velocity to approach zero (because # must be large in the exponent of the equation in order
to make kt/m large enough for v to be small). We can learn even more if we integrate
Equation (1) to find the position s as a function of time ¢.

Suppose that a body is coasting to a stop and the only force acting on it is a resistance
proportional to its speed. How far will it coast? To find out, we start with Equation (1) and
solve the initial value problem

% = yge Wmr s(0) = 0.

Integrating with respect to ¢ gives

5= =2 p-lmr 4
k
Substituting s = 0 when r = 0 gives
_ _vm _vom

0= A +C and C -
The body’s position at time ¢ is therefore

_ YoM (e VO VO —(km)t

s(1) r© + A A (1 —e ). (2)
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| In the English system, where weight is
measured in pounds, mass is measured in
slugs. Thus,

Pounds = slugs X 32,

assuming the gravitational constant is
32 ft/sec’.

To find how far the body will coast, we find the limit of s(f) as t — 00 Since —(k/m) < 0,
we know that e %" — (0 as  — 0, so that

lim s(r) = lim “5% (1 — e~
—00 1—>00
_vom. . g = vom
= (1-0) P
Thus,
Distance coasted = % (3)

The number vom/k is only an upper bound (albeit a useful one). It is true to life in one
respect, at least: if m is large, it will take a lot of energy to stop the body.

EXAMPLE 1  For a 192-1b ice skater, the k£ in Equation (1) is about 1/3 slug/sec and
m = 192/32 = 6 slugs. How long will it take the skater to coast from 11 ft/sec (7.5 mph)

to 1 ft/sec? How far will the skater coast before coming to a complete stop?

Solution 'We answer the first question by solving Equation (1) for #:

1le*t/18 =1 Eq. (1) with k = 1/3.,
m=6,vg=11L,v=1
e =1/11
—4/18 = In(1/11) = —In11

t=18In11 ~ 43 sec.

We answer the second question with Equation (3):

- vom _ 11-6
Distance coasted = .= 173

198 ft. ]

Modeling Population Growth

In Section 6.5 we modeled population growth with the Law of Exponential Change:

dP

ar kP, P(0) = Py
where P is the population at time ¢, k£ > 0 is a constant growth rate, and Py is the size of the
population at time # = 0. In Section 6.5 we found the solution P = Pye’’ to this model.

To assess the model, notice that the exponential growth differential equation says that
dP/dt
P =k (4)

is constant. This rate is called the relative growth rate. Now, Table 15.1 gives the world
population at midyear for the years 1980 to 1989. Taking dt = 1 and dP ~ AP, we see
from the table that the relative growth rate in Equation (4) is approximately the constant
0.017. Thus, based on the tabled data with + = 0 representing 1980, = 1 representing
1981, and so forth, the world population could be modeled by the initial value problem,

‘fl—f =0.017P,  P(0) = 4454,
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P World population (1980-99)
6000 -

P = 44540017
5000

| |
40000 10 20 t
FIGURE 15.8 Notice that the value of the
solution P = 4454¢*%'" is 6152.16 when
t = 19, which is slightly higher than the
actual population in 1999.

Orthogonal trajectory

FIGURE 15.9 An orthogonal trajectory
intersects the family of curves at right
angles, or orthogonally.

FIGURE 15.10 Every straight line
through the origin is orthogonal to the
family of circles centered at the origin.

15.3 Applications 15-21

TABLE 15.1  World population (midyear)
Population
Year (millions) AP/P
1980 4454 76/4454 =~ 0.0171
1981 4530 80/4530 ~ 0.0177
1982 4610 80/4610 ~ 0.0174
1983 4690 80/4690 ~ 0.0171
1984 4770 81/4770 ~ 0.0170
1985 4851 82/4851 ~ 0.0169
1986 4933 85/4933 ~ 0.0172
1987 5018 87/5018 ~ 0.0173
1988 5105 85/5105 ~ 0.0167
1989 5190

Source: U.S. Bureau of the Census (Sept., 1999): www.census.gov/
ipc/ www/worldpop.html.

The solution to this initial value problem gives the population function P = 4454¢%%"" In

year 1999 (so ¢ = 19), the solution predicts the world population in midyear to be about
6152 million, or 6.15 billion (Figure 15.8), which is more than the actual population of
6001 million from the U.S. Bureau of the Census. In Section 15.5 we propose a more real-
istic model considering environmental factors affecting the growth rate.

Orthogonal Trajectories

An orthogonal trajectory of a family of curves is a curve that intersects each curve of the
family at right angles, or orthogonally (Figure 15.9). For instance, each straight line
through the origin is an orthogonal trajectory of the family of circles x> + y* = a2, cen-
tered at the origin (Figure 15.10). Such mutually orthogonal systems of curves are of par-
ticular importance in physical problems related to electrical potential, where the curves in
one family correspond to flow of electric current and those in the other family correspond

to curves of constant potential. They also occur in hydrodynamics and heat-flow problems.

EXAMPLE 2  Find the orthogonal trajectories of the family of curves xy = a, where
a # 0 is an arbitrary constant.

Solution The curves xy = a form a family of hyperbolas with asymptotes y = +x. First
we find the slopes of each curve in this family, or their dy/dx values. Differentiating
xy = a implicitly gives

dy B dy vy
xa+y—0 or k- x

Thus the slope of the tangent line at any point (x, y) on one of the hyperbolas xy = a is

!

»'" = —y/x. On an orthogonal trajectory the slope of the tangent line at this same point
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y

b#0
X

A

FIGURE 15.11 Each curve is orthogonal
to every curve it meets in the other family

must be the negative reciprocal, or x/y. Therefore, the orthogonal trajectories must satisfy
the differential equation

v _x
dx V-’
This differential equation is separable and we solve it as in Section 6.5:

yvdy = xdx

/ydy=/xdx

%yz %xz + C

Separate variables.

Integrate both sides.

y? —x*=b, (5)

where b = 2C is an arbitrary constant. The orthogonal trajectories are the family of hyper-

(Example 2).

EXERCISES 15.3

bolas given by Equation (5) and sketched in Figure 15.11. [

. Coasting bicycle A 66-kg cyclist on a 7-kg bicycle starts coast-
ing on level ground at 9 m/sec. The k in Equation (1) is about
3.9 kg/sec.

a. About how far will the cyclist coast before reaching a
complete stop?

b. How long will it take the cyclist’s speed to drop to 1 m/sec?

2. Coasting battleship Suppose that an Iowa class battleship has
mass around 51,000 metric tons (51,000,000 kg) and a & value in
Equation (1) of about 59,000 kg/sec. Assume that the ship loses
power when it is moving at a speed of 9 m/sec.

a. About how far will the ship coast before it is dead in the
water?

b. About how long will it take the ship’s speed to drop to 1 m/sec?

3. The data in Table 15.2 were collected with a motion detector and a
CBL™ by Valerie Sharritts, a mathematics teacher at St. Francis
DeSales High School in Columbus, Ohio. The table shows the dis-
tance s (meters) coasted on in-line skates in ¢ sec by her daughter
Ashley when she was 10 years old. Find a model for Ashley’s posi-
tion given by the data in Table 15.2 in the form of Equation (2).
Her initial velocity was vy = 2.75 m/sec, her mass m = 39.92 kg
(she weighed 88 1b), and her total coasting distance was 4.91 m.

4. Coasting to a stop Table 15.3 shows the distance s (meters)
coasted on in-line skates in terms of time ¢ (seconds) by Kelly
Schmitzer. Find a model for her position in the form of Equation (2).

Her initial velocity was vy = 0.80 m/sec, her mass m = 49.90 kg
(110 1b), and her total coasting distance was 1.32 m.

TABLE 15.2 Ashley Sharritts skating data

t(sec) s (m) t (sec) s (m) t (sec) s (m)
0 0 2.24 3.05 4.48 4.77
0.16 0.31 2.40 3.22 4.64 4.82
0.32 0.57 2.56 3.38 4.80 4.84
0.48 0.80 2.72 3.52 4.96 4.86
0.64 1.05 2.88 3.67 5.12 4.88
0.80 1.28 3.04 3.82 5.28 4.89
0.96 1.50 3.20 3.96 5.44 4.90
1.12 1.72 3.36 4.08 5.60 4.90
1.28 1.93 3.52 4.18 5.76 491
1.44 2.09 3.68 4.31 5.92 4.90
1.60 2.30 3.84 4.41 6.08 491
1.76 2.53 4.00 4.52 6.24 4.90
1.92 2.73 4.16 4.63 6.40 491
2.08 2.89 4.32 4.69 6.56 491
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R . In Exercises 5-10, find the orthogonal trajectories of the family of
TABLE 15.3 Kelly Schmitzer skating data curves. Sketch several members of each family.
t(sec) s(m) £(sec) s(m)  t(sec) s (m) S5.y=mx 6. y=cx’
7. kx? + 2 =1 8. 2x2 + y? =¢2
0 0 1.5 0.89 3.1 1.30 - — kx
9. y = ce 10. y=e
0.1 0.07 17 0.97 3.3 131 11. Show that the curves 2x* + 3y? = 5and y? = x? are orthogonal.
0.3 0.22 1.9 1.05 35 1.32 . . . . . . .
12. Find the family of solutions of the given differential equation and
0.5 0.36 2.1 111 3.7 1.32 the family of orthogonal trajectories. Sketch both families.
0.7 0.49 2.3 1.17 3.9 1.32 a. xdx +ydy =0 b. xdy — 2ydx =0
0.9 0.60 25 1.22 4.1 1.32 13. Suppose a and b are positive numbers. Sketch the parabolas
1.1 0.71 2.7 1.25 4.3 1.32 32 = 4a® — dax and 32 = 4b2 4 by
1.3 0.81 2.9 1.28 4.5 1.32
in the same diagram. Show that they intersect at <a — b, :I:2\/c£) ,

and that each “a-parabola” is orthogonal to every “b-parabola.”

Euler's Method

HisTORICAL BIOGRAPHY

Leonhard Euler
(1703-1783)

Yor-

vy =Lx) =y + flxg yo)x — xp)
y =y

(X0, ¥o)
|
|
|

X0

FIGURE 15.12 The linearization L(x) of
y = y(x)atx = xo.

, L(
ey, L(xy), Y=y

(xp, y(x1))

FIGURE 15.13 The first Euler step
approximates y(x;) with y; = L(x).

If we do not require or cannot immediately find an exact solution for an initial value prob-
lem y" = f(x,y), y(x0) = yo, we can often use a computer to generate a table of approxi-
mate numerical values of y for values of x in an appropriate interval. Such a table is called
a numerical solution of the problem, and the method by which we generate the table is
called a numerical method. Numerical methods are generally fast and accurate, and they
are often the methods of choice when exact formulas are unnecessary, unavailable, or
overly complicated. In this section, we study one such method, called Euler’s method,
upon which many other numerical methods are based.

Euler's Method

Given a differential equation dy/dx = f(x, y) and an initial condition y(x¢) = yy, we can
approximate the solution y = y(x) by its linearization

L(x) = y(xo) + y"(x0)(x — xo) L(x) = yo + f(x0,y0)(x — x0).

The function L(x) gives a good approximation to the solution y(x) in a short interval about
xo (Figure 15.12). The basis of Euler’s method is to patch together a string of linearizations
to approximate the curve over a longer stretch. Here is how the method works.

We know the point (xg, yo) lies on the solution curve. Suppose that we specify a new
value for the independent variable to be x; = x¢ + dx. (Recall that dx = Ax in the defini-
tion of differentials.) If the increment dx is small, then

or

yi = L(x1) = yo + f(x0,y0) dx

is a good approximation to the exact solution value y = y(x;). So from the point (xo, yo),
which lies exactly on the solution curve, we have obtained the point (xj, y;), which lies
very close to the point (x1, y(x;)) on the solution curve (Figure 15.13).

Using the point (xy, y;) and the slope f(xi, y1) of the solution curve through (xy, y1),
we take a second step. Setting x, = x; + dx, we use the linearization of the solution curve
through (xy, y1) to calculate

y2 =y + fle, ) dx.
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