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Chapter 5: Integration

Indefinite Integrals and the Substitution Rule

A definite integral is a number defined by taking the limit of Riemann sums associated
with partitions of a finite closed interval whose norms go to zero. The Fundamental Theo-
rem of Calculus says that a definite integral of a continuous function can be computed eas-
ily if we can find an antiderivative of the function. Antiderivatives generally turn out to be
more difficult to find than derivatives. However, it is well worth the effort to learn tech-
niques for computing them.

Recall from Section 4.8 that the set of a// antiderivatives of the function f is called the
indefinite integral of f with respect to x, and is symbolized by

/f(x) dx.

The connection between antiderivatives and the definite integral stated in the Fundamental
Theorem now explains this notation. When finding the indefinite integral of a function f,
remember that it always includes an arbitrary constant C.

We must distinguish carefully between definite and indefinite integrals. A definite in-
tegral | ab f(x) dx is a number. An indefinite integral | f(x) dx is a function plus an arbi-
trary constant C.

So far, we have only been able to find antiderivatives of functions that are clearly rec-
ognizable as derivatives. In this section we begin to develop more general techniques for
finding antiderivatives. The first integration techniques we develop are obtained by invert-
ing rules for finding derivatives, such as the Power Rule and the Chain Rule.

The Power Rule in Integral Form

If u is a differentiable function of x and » is a rational number different from —1, the

Chain Rule tells us that
i un+1 _ un@
dx \n + 1 dx’
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5.5 Indefinite Integrals and the Substitution Rule 369

From another point of view, this same equation says that «”*!/(n + 1) is one of the anti-
derivatives of the function u"(du/dx) . Therefore,

n@ _un+l
/(u dx)dx_n+1+c'

The integral on the left-hand side of this equation is usually written in the simpler “differ-

ential” form,
/ u” du,

obtained by treating the dx’s as differentials that cancel. We are thus led to the following
rule.

If u is any differentiable function, then

un+l
/u” du = + C (n # —1, nrational). (1)

Equation (1) actually holds for any real exponent » # —1, as we see in Chapter 7.

In deriving Equation (1), we assumed u to be a differentiable function of the variable
x, but the name of the variable does not matter and does not appear in the final formula.
We could have represented the variable with 6, ¢, y, or any other letter. Equation (1) says
that whenever we can cast an integral in the form

/u"du, (n#—1),

with u a differentiable function and du its differential, we can evaluate the integral as
w"/(n + 1)] + C.

EXAMPLE 1 Using the Power Rule
d Letu =1 + y?,
/ V1 +y*2pdy = /W (di) dy di/d,»- =2y '

= /ul/z du

N u(l/z)'H C Integrate, using Eq. (1)
B (1/2) + 1 + withn = 1/2.
= %uyz + C Simpler form

%(1 + y2)3/2 +C Replace u by 1 + y2. ]
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370 Chapter 5: Integration

EXAMPLE 2  Adjusting the Integrand by a Constant
/\/4t— 1di = /i-\/4r— 1-4dr

1 du Letu =4t — 1,
= 4/\/1; (dt) dt du/dt = 4.

1 With the 1/4 out front,
= /ul/2 du the integral is now in

4 standard form.
3/2

_ l u Integrate, using Eq. (1)
RV ¢ withn = 1/2.

= %u3/2 + C Simpler form

:%(4t— 1)3/2 +C Replace u by 4t — 1. u

Substitution: Running the Chain Rule Backwards

The substitutions in Examples 1 and 2 are instances of the following general rule.

THEOREM 5 The Substitution Rule
If u = g(x) is a differentiable function whose range is an interval [ and f is con-
tinuous on /, then

/f(g(x))g’(X) dx = /f(u) du.

Proof The rule is true because, by the Chain Rule, F(g(x)) is an antiderivative of
f(g(x)) -+ g'(x) whenever F is an antiderivative of f:

%F(g(x)) = F’(g(x)) ‘g’(x) Chain Rule
= f(g(x)) 'g’(x). Because F' = f

If we make the substitution u = g(x) then

/f(g(x))g’(x) dx = /;iF(g(x))dx

=F ( g (x)) + C Fundamental Theorem

= F(u) + C u = g(x)

= /F’(u) du Fundamental Theorem

= /f(u)du F =f n
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5.5 Indefinite Integrals and the Substitution Rule 371

The Substitution Rule provides the following method to evaluate the integral

/ f(g(x))g'(x) dx,

when f and g’ are continuous functions:

1. Substitute u = g(x) and du = g'(x) dx to obtain the integral

/f(u) du.

2. Integrate with respect to u.

3. Replace u by g(x) in the result.

EXAMPLE 3  Using Substitution

_ 1 Letu = 70 + 5,du = 7 d6,
/cos (760 + 5)do = /cosu 7du (1/7) du = db.

_ l d With the (1/7) out front, the

7 cosu au integral is now in standard form.

1. Integrate with respect to u,

= gsinu+ C Table 4.2.

= %sin (76 + 5) + C Replace u by 70 + 5.

We can verify this solution by differentiating and checking that we obtain the original
function cos (70 + 5). [

EXAMPLE 4  Using Substitution

/x2 sin (x*) dx = /sin (x3) - x2dx

1 Letu = .\‘3,

= / sinu- 5 du du = 3x? dx,
(1/3) du = x2dx.
1 .

=3[ sinu du
_1 _
= § (—COS u) + C Integrate with respect to u.
_ 1 3 3
= —§COS (x’)+C Replace u by x°. u
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EXAMPLE 5  Using Identities and Substitution

1
3 dx = [ sec?2x dx # = sec2x
Ccos” 2x cos 2x

1 u = 2x,
= /8602 u- 2 du du = 2 dx,

dx = (1/2) du
_1 2
= 2/sec u du

thanu + C L/tanu:seczu
2 du
1
—Etan2x+C u = 2x [ |

The success of the substitution method depends on finding a substitution that changes
an integral we cannot evaluate directly into one that we can. If the first substitution fails,
try to simplify the integrand further with an additional substitution or two (see Exercises
49 and 50). Alternatively, we can start fresh. There can be more than one good way to start,
as in the next example.

EXAMPLE 6  Using Different Substitutions

Evaluate

2zdz

Solution ~ We can use the substitution method of integration as an exploratory tool: Sub-
stitute for the most troublesome part of the integrand and see how things work out. For the
integral here, we might try u = z> + 1 or we might even press our luck and take u to be
the entire cube root. Here is what happens in each case.

Solution 1: Substitute u = z> + 1.

2z dz _ du Letu = z> + 1,
322 +1 ul/} du = 2zdz.

= /u_1/3 du In the form [u" du
U3

=——+C Integrate with respect to u.
2/3
3 3

=—u'’”+C
2

:%(22+ 1)2/3+C Replace u by z> + 1.
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FIGURE 5.24 The area beneath the
curve y = sin®x over [0, 277] equals 7

square units (Example 8).

5.5 Indefinite Integrals and the Substitution Rule 373

Solution 2: Substitute u = Vz? + 1 instead.
Letu = V2% + 1,
2zdz 3u® du P
7 = U u =z + 1,
Vz© + 1 3udu = 2z d-.
= S/u du

u .
=3- 7 + C Integrate with respect to u.

%(Z2 + 1)2/3 + C Replace u by (z* + 1)!/3 u

The Integrals of sin? x and cos? x

Sometimes we can use trigonometric identities to transform integrals we do not know how
to evaluate into ones we can using the substitution rule. Here is an example giving the in-
tegral formulas for sin® x and cos? x which arise frequently in applications.

/1—0082x .o 1 —cos2x
sin“x = ————

EXAMPLE 7

(a) / sin’ x dx

= é/(l — cos2x) dx = é/ dx — é/cos2xdx
=gx-yirc=g - C

(b) /coszxdx _ / 1+ cos 2x costx = 1+ ;052,\'
=3+ % FC i e chanee o

EXAMPLE 8  Area Beneath the Curve y = sin®x
Figure 5.24 shows the graph of g(x) = sin® x over the interval [0, 27r]. Find
(a) the definite integral of g(x) over [0, 277].

(b) the area between the graph of the function and the x-axis over [0, 27].

Solution

(a) From Example 7(a), the definite integral is

Zﬁsinzxdx x _ sin2x o _ |2m _ sindw | |0 _ sin0
0 2 4 |, 2 4 2 4

[ —0] —[0—0] =
(b) The function sin? x is nonnegative, so the area is equal to the definite integral,or 7. m
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374 Chapter 5: Integration

V. L V=V

max

sin 12077t

FIGURE 5.25 The graph of the voltage
V' = Viax sin 1207r¢ over a full cycle. Its

average value over a half-cycle is 2Vyy,/7 .

Its average value over a full cycle is zero
(Example 9).

EXAMPLE 9  Household Electricity
We can model the voltage in our home wiring with the sine function
V = Vpmax sin 120771,

which expresses the voltage ¥ in volts as a function of time ¢ in seconds. The function runs
through 60 cycles each second (its frequency is 60 hertz, or 60 Hz). The positive constant
Vmax (“‘vee max”) is the peak voltage.

The average value of ¥ over the half-cycle from 0 to 1/120 sec (see Figure 5.25) is

1

Vo = 1/120) — 0

1/120
/ Vinax Sin 12077t dt
0

| 1/120
120V nax |:— 1207 cos 1207Tt:|
0

Vmax

= — [—cos 7 + cos 0]

2 Vmax
T .

The average value of the voltage over a full cycle is zero, as we can see from Figure 5.25.
(Also see Exercise 63.) If we measured the voltage with a standard moving-coil gal-
vanometer, the meter would read zero.

To measure the voltage effectively, we use an instrument that measures the square root
of the average value of the square of the voltage, namely

Vims = 'V (Vz)av'

The subscript “rms” (read the letters separately) stands for “root mean square.” Since the
average value of V2 = (Vpax)? sin® 12077t over a cycle is

2 _ | 1/60 2 -2 _ (Vmax)2
(V*)ay = (1/60) — 0 0/0 (Vinax)” sin” 1207t dt = y

(Exercise 63, part ¢), the rms voltage is
V — ( Vmax)2 — Vmax
ms 2 \/5
The values given for household currents and voltages are always rms values. Thus, “115 volts
ac” means that the rms voltage is 115. The peak voltage, obtained from the last equation, is

Viax = V2 Vims = V2115 ~ 163 volts,

which is considerably higher. [
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374 Chapter 5: Integration

EXERCISES 5.5

Evaluating Integrals

Evaluate the indefinite integrals in Exercises 1-12 by using the given
o ; 3. sec2ttan 2t dt, u
substitutions to reduce the integrals to standard form.

2
A 1. /sin3xdx, u = 3x 2. /xsin(2x2)dx, u = 2x? 4. /(1 - cos%) sinédt, u=1- cosé
Exercise
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5.5 Indefinite Integrals and the Substitution Rule 375

5. /28(7x —2)%dx, u="7x—-2 37. / \Vcoty csc? y dy 38. %\/lnzdz
Exercise secz Exercise
6. /x3(x4— D2dx, u=x*-1 39, /tizcos (%— l)dt 40. /Lcos(\/t+3)dt
9r dr 3 / 1 1 1 cos \/
7. — u=1-r 41. — sin— cos - df 42.
Vi1-—3 6> 0 0 V0 sin? \/
8. /12(y4 + 42+ D07+ ) dy, u=yt 4P+ 43. /(s3 + 257 — 55 + 5)(35% + 4s — 5) ds
9. /Wsin2 &= 1dx, u=x"—1 44. /(94 —26% + 80 — 2)(6° — 6 + 2) do
1 1 1 _
10. /;COSZ (}) dx, u=-—x 45. /t3(1 + 14 dr 46. / S
X
2
11. /csc 26 cot 20 do 47. /x“ /2 + 1 dx 48. /3x5‘ /3 1dx
a. Usingu = cot26 b. Using u = csc 20 . .
Simplifying Integrals Step by Step
12. / 7@ If you do not know what substitution to make, try reducing the integral
. ) step by step, using a trial substitution to simplify the integral a bit and
a. Usingu = 5x + 8 b. Usingu = V5x + 8 then another to simplify it some more. You will see what we mean if
Evaluate the integrals in Exercises 13-48. you try the sequences of substitutions in Exercises 49 and 50.
18 tan® x sec’ x
\/2 _ 3 49. | ———————d
j 13./ 3 — 2sds 14. /(2x+ 1)° dx / (2 + tan’x)? X
Sxercisc 1 3 dx a. u = tanux, followed by v = u?, then byw=2+v
IS. / V355 + 4 ds 16. (2 — x)? b. u = tan’x, followed by v = 2 + u
c. u=2+tan’x
17. /9\/4 1—0%do 18. /80\/3 0> — 1do
BT 50. /\/1 + sin® (x — 1)sin (x — 1) cos (x — 1) dx
19. [3yV7 - 3y*d 20.
/y A \/2y +1 a. u:x—l,followedbyv:sinu,thenbyw:l-i-v2
1 (1+\[)3 b. u = sin(x — 1), followed by v = 1 + 12
21./\/;(1+\/);)2dx 22. / c.u=1+sin>(x — 1)
. Evaluate the integrals in Exercises 51 and 52.
23. [cos(3z + 4)dz 24. [ sin(8z — 5)d .
51, /(2r - l)cos V3Q2r — 1)+
»
25. /secz(3x + 2)dx 26. /tanzxseczx dx 2r = 1) +6
5 ﬂ "
27. /sinsgcosgdx 28. /tan7%seczgdx V6 cos’ VO
L (3 5 5 Initial Value Problems
29. / g (ﬁ B 1) dr 30. / (7 B E) dr Solve the initial value problems in Exercises 53—58.
d
31. /xl/2 sin (x*2 + 1) dx 32. /x1/3 sin (x*3 — 8) dx 53. j; = 12037 = 1), s(1)=3
Exercise
T T dy 2 —1/3
33. sec v+5 tan v+§ dv 54.a=4x(x +8)°, »(0)=0
— — d. .
34. /csc (U 2 77-)cot (v ) Tr) dv 55. ji = 8sin® (t + %), s(0) =8
i +
3, / sin (2¢ + 1) & 36. / 6cost dt 56. dr _ 3 cos? (E — 9), r0) =12
cos? (2t + 1) (2 + sin¢)? do 4
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57.
Exercise

58.

59.
Exercise

60.

Chapter 5: Integration

d’s e o , - -
i 4 sin <2t 2), s'(0) = 100, s(0) =0
dzy 2 ’

7dx2 = 4sec”2xtan2x, »'(0) =4, y(0) = —1

The velocity of a particle moving back and forth on a line is
v = ds/dt = 6sin2t m/sec for all ¢. If s = 0 when ¢ = 0, find
the value of s when ¢ = /2 sec.

The acceleration of a particle moving back and forth on a line is
a = d?s/dt* = 7w* cos wt m/sec® for all ¢. If s =0 and v =
8 m/sec when ¢ = 0, find s when ¢ = 1 sec.

Theory and Examples

61.

It looks as if we can integrate 2 sin x cos x with respect to x in
three different ways:
/ 2u du

u? + C = sin®x + C,

/-214 du u = cosx,

—u? + G = —cos’x + Gy

a. /2 sin x cos x dx

u = sinx,

b. /2 sin x cos x dx

c. /2 sinx cosx dx = / sin 2x dx 2 sinxcosx = sin 2x

cos 2x
= —T + C3.

62.

63.

Can all three integrations be correct? Give reasons for your an-
SWer.

The substitution # = tan x gives
2 2
/seczxtanxdx = /udu =u7+ C= M+ C.

The substitution # = sec x gives

2

2
/seczxtanxdx=/udu :%+ C = sec;x + C.

Can both integrations be correct? Give reasons for your answer.
(Continuation of Example 9.)
a. Show by evaluating the integral in the expression

1

1/60
m% Vinax sin 120 7t dt

that the average value of V' = V), sin 120 7¢ over a full cycle
is zero.

b. The circuit that runs your electric stove is rated 240 volts rms.
What is the peak value of the allowable voltage?

¢. Show that

(Vimax)?
120

1/60
/ (Vinax)? sin® 120 a7t dt =
0

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley



376 Chapter 5: Integration

Substitution and Area Between Curves

There are two methods for evaluating a definite integral by substitution. The first method
is to find an antiderivative using substitution, and then to evaluate the definite integral by
applying the Fundamental Theorem. We used this method in Examples 8 and 9 of the pre-
ceding section. The second method extends the process of substitution directly to definite
integrals. We apply the new formula introduced here to the problem of computing the area
between two curves.

Substitution Formula

In the following formula, the limits of integration change when the variable of integration
is changed by substitution.

THEOREM 6 Substitution in Definite Integrals
If g’ is continuous on the interval [a, ] and f is continuous on the range of g, then

b g(b)
/f(g(x))'g'(x) dx = : f(u) du

&l
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Proof Let F denote any antiderivative of f. Then,

/f(g(x)) g'(x) dx = F(g(x))}

b 4 Fgn)
dx
—s = F'(g(x))g' (x)
= f(g(x))g’
= Fg) - Flgta)
u=g(b)
=F (u)]
u=g(a)
g(b) Fundamental
= f(u) du. Theorem, Part 2 | |
gla)

To use the formula, make the same u-substitution u = g(x) and du = g'(x) dx you
would use to evaluate the corresponding indefinite integral. Then integrate the trans-
formed integral with respect to u from the value g(a) (the value of u at x = a) to the value

g(b) (the value of u at x = b).

1
Video Evaluate/ 3x2Vx3 + 1dkx.
-1

Solution ~ We have two choices.

EXAMPLE 1 Substitution by Two Methods

Method 1: Transform the integral and evaluate the transformed integral with the trans-

formed limits given in Theorem 6.

1
/ 32Vx3 + 1dx
-1

/\[du

3/2
3 0

210532 _ 032 =
3[2 0}

Letu = x> + 1,du = 3x%dx.
Whenx = —1L,u=(=1>+1=0.
Whenx = Lu= (1> +1=2.

Evaluate the new definite integral.

]

Method 2: Transform the integral as an indefinite integral, integrate, change back to x, and

use the original x-limits.

32V + 1dx

1
/3)c2\/x3 + 1ldx =
-1

W W[ w\t\)

%(x3 + 12+ C

(o )3/2]1

|
|

23/2 03/2:| —

Letu = x> + 1, du = 3x° dx.

Integrate with respect to u.

Replace u by x> + 1.

Use the integral just found,
with limits of integration for x.

(1 + 12 = ((—1)° + 1)3/2}

Hpve] -5
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Which method is better—evaluating the transformed definite integral with trans-
formed limits using Theorem 6, or transforming the integral, integrating, and transforming
back to use the original limits of integration? In Example 1, the first method seems easier,
but that is not always the case. Generally, it is best to know both methods and to use
whichever one seems better at the time.

EXAMPLE 2 Using the Substitution Formula

/2 5 0 Let u = cot 6, du = —csc’ 0 db,
cot 6 csc” 6 do u- (—du) —du = csc? 0 db.
T 1 =

/4 When 6 = /4, u = cot (7w/4) = 1.
0 When 6 = 7/2,u = cot (m/2) = 0.
= —/ u du
1
&l
= al
_ (@ ar)_a .
2 2 2

Definite Integrals of Symmetric Functions

The Substitution Formula in Theorem 6 simplifies the calculation of definite integrals of
even and odd functions (Section 1.4) over a symmetric interval [—a, a] (Figure 5.26).

AA
V

(@) (b)

FIGURE 5.26 (a) feven, [ f(x)dx = 2 ) f(x)dx (b) fodd, [ f(x)dx =0

Theorem 7

Let f be continuous on the symmetric interval [—a, a].

(a) If f is even, then /a f(x)dx = Z/Gf(x) dx.
—a 0

(b) If fis odd, then /a fx)dx = 0.
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y=f(x)

| X

T. b
Lower curve

y =9

FIGURE 5.27 The region between
the curves y = f(x) and y = g(x)
and the linesx = aandx = b.

Ty=9®

FIGURE 5.28 We approximate the
region with rectangles perpendicular
to the x-axis.

(> T(c))

f(c) — 9(c)

|

|

|

|

|

|
i
hd

|

|

i
— (S 9(C)
Ax

FIGURE 5.29 The area AA, of the kth
rectangle is the product of its height,
f(cr) — glcp), and its width, Axy.
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Proof of Part (a)

a 0 a o
_ Additivity Rule for
[a f(x) dx = [a f(x) dx + A f(x) dx Definite Integrals
—a a
= —/ f(x) dx + / f(x) dx Order of Integration Rule
0 0

a a Letu = —x,du = —dx.
_/ f(—u)(—du) + / f(x) dx Whenx = 0,u = 0.
0 0

Whenx = —a,u = a.
/af(—u) du + /af(x) dx
0 0

a a -
_ f is even, so
- [+ [ ax I
a
=2 / f(x) dx
0
The proof of part (b) is entirely similar and you are asked to give it in Exercise 86. [

The assertions of Theorem 7 remain true when f is an integrable function (rather than
having the stronger property of being continuous), but the proof is somewhat more diffi-
cult and best left to a more advanced course.

EXAMPLE 3  Integral of an Even Function

2
Evaluate / (x* — 4x? + 6) dx.
-2

Solution  Since f(x) = x* — 4x? + 6 satisfies f(—x) = f(x), it is even on the symmet-
ric interval [—2, 2], so

2 2
/(ﬁ—4ﬁ+6ﬁh=2/(ﬁ—4ﬁ+6nh
-2 0

5 2
=2{x—4x3+6x]

573 o
_ (32 3 _ 232
—2(5 3-i-12)—15. [ ]

Areas Between Curves

Suppose we want to find the area of a region that is bounded above by the curve y = f(x),
below by the curve y = g(x), and on the left and right by the lines x = a and x = b
(Figure 5.27). The region might accidentally have a shape whose area we could find with
geometry, but if f and g are arbitrary continuous functions, we usually have to find the
area with an integral.

To see what the integral should be, we first approximate the region with » vertical rec-
tangles based on a partition P = {xo, xy,...,x,} of [a, b] (Figure 5.28). The area of the
kth rectangle (Figure 5.29) is

AA; = height X width = [f(cy) — g(cp)] Axy.
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y
% 1)
/ y=2-x
L/ e
I I L 5x
-1 0 1 2
(%, 900)
L y=-X1(2,-2)

FIGURE 5.30 The region in
Example 4 with a typical
approximating rectangle.

We then approximate the area of the region by adding the areas of the # rectangles:

~ EAAk = E[f(ck) - g(ck)] Axk. Riemann Sum
k=1 k=1

As |P| — 0, the sums on the right approach the limit fab [f(x) — g(x)] dx because f and
g are continuous. We take the area of the region to be the value of this integral. That is,

b
A= tim i) - glen) Axi = / () — g(x)] ds

1Pl—0 =

DEFINITION Area Between Curves

If f and g are continuous with f(x) = g(x) throughout [a, b], then the area of
the region between the curves y = f(x) and y = g(x) from a to b is the inte-
gral of (f — g) from a to b:

b
4= / [f(x) — g(x)] dx

When applying this definition it is helpful to graph the curves. The graph reveals which
curve is the upper curve f and which is the lower curve g. It also helps you find the limits
of integration if they are not already known. You may need to find where the curves inter-
sect to determine the limits of integration, and this may involve solving the equation
f(x) = g(x) for values of x. Then you can integrate the function f — g for the area be-
tween the intersections.

EXAMPLE 4  Area Between Intersecting Curves

Find the area of the region enclosed by the parabola y = 2 — x? and the line y = —x.

Solution  First we sketch the two curves (Figure 5.30). The limits of integration are found

by solving y = 2 — x> and y = —x simultaneously for x.
2 — x = —X Equate f(x) and g(x).
¥=-x—-2=0 Rewrite.
x+Dx=-2)=0 Factor.
x = -1, x=2. Solve.
The region runs from x = —1 to x = 2. The limits of integration area = —1,b = 2.

The area between the curves is

b 2
/ [f(x) — g(x)]dx = /1 [(2 = x%) = (=x)]dx

2
2 _ L L
[1(2+x x) dx [Zx 5 3

4 8 1, 1)_9
<4+2—3) <2+ +3>—2 | |

A
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HISTORICAL BIOGRAPHY If the formula for a bounding curve changes at one or more points, we subdivide the re-
gion into subregions that correspond to the formula changes and apply the formula for the
area between curves to each subregion.

Richard Dedekind
(1831-1916)

EXAMPLE 5  Changing the Integral to Match a Boundary Change

Ared / (4W e 2) & Find the area of the region in the first quadrant that is bounded above by y = V/x and be-
y , low by the x-axis and the line y = x — 2.
2 y= \/i

21 Area = [ Vxdx \ (x f(x) @2
x f00) % < ’ Solution  The sketch (Figure 5.31) shows that the region’s upper boundary is the graph of
(LN y=x-2 f(x) = Vx. The lower boundary changes from g(x) = 0 for0 = x = 2to g(x) = x — 2
A for2 = x = 4 (there is agreement at x = 2). We subdivide the region at x = 2 into subre-

* g0 gions 4 and B, shown in Figure 5.31.

0 V=02 zlt X The limits of integration for region 4 are « = 0 and b = 2. The left-hand limit for re-

gion B is ¢ = 2. To find the right-hand limit, we solve the equations y = V7 and

(%, 9(x)) .
y = x — 2 simultaneously for x:

FIGURE 5.31 When the formula for a

bounding curve changes, the area integral Vx=x-2 Equate f(x) and g(x).
changes to become the sum of integrals to x=(x— 2)2 =x2—4x + 4 Square both sides.
match, one integral for each of the shaded 2 —5c+4=0 Rewrite.
i h here for E le 5.
regions shown here for Example r=1)x—4) =0 Focton
x =1, x=4. Solve.

Only the value x = 4 satisfies the equation Vx = x — 2. The value x = 1 is an extrane-
ous root introduced by squaring. The right-hand limitis b = 4.

For0 = x = 2: fx) —glx) = Vx — 0= Vx
For2 = x = 4: fx) —gx)=Vx—-(x-2)=Vx—-x+2

We add the area of subregions 4 and B to find the total area:

2 4
/\/J;dx—l—/(\/);—x—FZ)dx
0 2

Total area =
area of 4 area of B
2 2 4
_ 12 3p 2 3p _ x°
= {3 X . + 3X > + 2x )

= 5(2)3/2 -0+ (3(4)3/2 -8+ 8) - (3(2)3/2 -2+ 4)
2
3

Integration with Respect to y

If a region’s bounding curves are described by functions of y, the approximating rectangles
are horizontal instead of vertical and the basic formula has y in place of x.
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For regions like these

y y y
/d = d-
x = f(y) =
x = f(y) X=90/ x=f(y)
X =g(y) X
1 ] 0
X= Q(Y)\’C cL cL \\
X X
0 0

use the formula

d
A4 = / [f(») — g»)]dy.

In this equation f always denotes the right-hand curve and g the left-hand curve, so
f(») — g(») is nonnegative.

EXAMPLE 6  Find the area of the region in Example 5 by integrating with respect to y. |

Solution ~ We first sketch the region and a typical horizontal rectangle based on a parti-
tion of an interval of y-values (Figure 5.32). The region’s right-hand boundary is the line
x =y + 2,50 f(y) =y + 2. The left-hand boundary is the curve x = 2, so g(y) = y>.
The lower limit of integration is y = 0. We find the upper limit by solving x = y + 2 and

«nw—qw»

of y=0 2 4 x = y? simultaneously for y:

Equate f(y) = y + 2
FIGURE 5.32 It takes two yr2=y2 LA

integrations to find the area of this v 2 y—2=0 Rewrite.

region if we integrate with respect to

x. It takes only one if we integrate (y+Dly-2=0 Factor.
with respect to y (Example 6). y=-1, y=2 Solve.
The upper limit of integration is » = 2. (The value y = —1 gives a point of intersection

below the x-axis.)
The area of the region is

b 2
A=/[f(y)—g(y)]dy=1[y+2—y2]dy

2
£[2+y—y2]dy

2 372
_ yo_r
-5
_ 4_8_10
L T Tl
This is the result of Example 5, found with less work. [
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y
L 4.2)
y=Vx [
[l R
Video Area =2
I<—2—> X
0 y=0 2 4

FIGURE 5.33 The area of the blue region
is the area under the parabola y = Vx
minus the area of the triangle (Example 7).

5.6 Substitution and Area Between Curves 383

Combining Integrals with Formulas from Geometry

The fastest way to find an area may be to combine calculus and geometry.

EXAMPLE 7  The Area of the Region in Example 5 Found the Fastest Way

Find the area of the region in Example 5.

Solution  The area we want is the area between the curve y = Vx, 0 = x = 4, and the
x-axis, minus the area of a triangle with base 2 and height 2 (Figure 5.33):

Area = /4\/); dx — %(2)(2)
0

4
_23p| _
=3X L 2
2y _0_»r-10
—3(8) 0—2 3 ]

Conclusion from Examples 5-7 It is sometimes easier to find the area between
two curves by integrating with respect to y instead of x. Also, it may help to combine
geometry and calculus. After sketching the region, take a moment to think about the best
way to proceed.
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EXERCISES 5.6

Evaluating Definite Integrals 'ox x
10. a. ———dx b. ———dx
Use the Substitution Formula in Theorem 6 to evaluate the integrals in o Vx*+9 -1 Vx*+9
Exercises 1-24. /6 /3
3 0 11. a. / (1 — cos3t)sin3tdt b. / (1 — cos 3¢) sin 3¢ dt
1. a./\/y+1dy b./\/y+ldy 0 /6
Exercise 0 - 0 t ot /2 t
1 1 12. a. 2 + tani sec Edt b. 2 + tan§ sec Edt
2. a. / N1 = rdr b. / N1 = rdr -2 -2
Oﬁ/4 71) 3. a m _ cosz T cosz
3. a. / tan x sec” x dx b. / tan x sec” x dx 0 V4 + 3sinz 7 V4 4+ 3sinz
0 —m/4 0 7r/2
g . 3w , 14. a. / M7W2dw b. / Smiwzdw
4. a. 3 cos” x sinx dx b. 3 cos” x sin x dx —72(3 + 2cosw) o (3 + 2cosw)
0 2
dy
1 1 \/45
5. a. / B+ Y dr b. / 20+ Y dr 15. / £+ 2 (5t + 2)dr 16 / 2V (1 + Vo)
0 -1
V7 0 KAV o (0 2 (8
6. a. / (12 + 1)V ar b. / (2 + D ar 17. A cos 26 sin 260 d6 18. : cot AT df
0 "
1 ko ko
7 a. / Ldr b. / 19. / 5(5 — 4cost)*sinrdt 20. / (1 — sin26)%2 cos 2¢ dt
(4 + r2)? (4 + r2)2 0 0
1 1
s a. / v, b. / _10vv 21, / 4y =2+ 4 + 227 — 2 + 4y
0 (1 + v3/2)? (1 + 1;3/2)2 0
1
9. a. / — i b. / — i 22. / (P + 67 =120 + 92 (y> + 4y — 4) dy
0o Vx2+1 V3 V2 +1 0
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a?
23. / V0 cos? (632) db
0

-1/2 1
24. / 72 sin? (1 + 7) dt
-1

Find the total areas of the shaded regions in Exercises 25—40.

Exercise
Area
25.
Exercise y
y=xV4—x?
L X
-2 0 2
27.
y
L I I X
- -2 -1 0
ok
3
y =3(sinX)V 1 + cos X
29.
y
1 y=1
y = cos?x
0 m 7IT
2

26.
y

y = (I — cosX) sinX

28.

y = Z(cos X)(sin(m + 7sin X))
2 y

l L1 A X
- -1 0
2
—1+
30.
y
N )
y= 2sec t
2_
&_
t
T ™
3 0 3
y = —4sin’t
_4+

31. y
(=2,8) (2,8
y =2x2
y =x*—2x?
| | | | X
SRS VA RNV
NOT TO SCALE
2.y
1 —
x=y_ ="
x=y?
! X
0 1
33, y
x = 12y? — 12y°
x=2y> -2y
X

34. 35.
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y =—x% 4 3x

L\ 2,2)

37. 38.
y
35 |
y=x*—4 o
3 0 X
y=-x2—2x
(=3,-3) (1.-3)
-4
39. 40.
y
4
(=2, 4) yodox
L L .
2 1 1 =
(>
5k

Find the areas of the regions enclosed by the lines and curves in Exer-

cises 41-50.

iu

Exercise 42
43

44
45
46
47
48

y =2x3 — x% — 5x

(-2,-10)

(3.0

.y=x>—2 and y=2

Ly =2x—x’
.y=x* and
.y =x%— 2
. y=x> and
.y =7— 2x?

Ly=x*—4x>+4 and y=x

and y = —3
y =8

and y =x
y=—x+ 4

and y =x*+4
2

.y=xVa®>—x% a>0, and y=0

385

5.6 Substitution and Area Between Curves

49. y = Vx| and 5y =x + 6 (How many intersection points
are there?)

50. y = |x2—4|

Exercise
and y = (x%/2) + 4

Find the areas of the regions enclosed by the lines and curves in Exer-
cises 51-58.

51. x=2y2, x =0,
2

and y=3

52. x=y° and x=y+2

53. 32 —4x =4 and 4x—y =16
54 x —y>=0 and x+ 2y> =

55. x +y?>=0 and x+3y>2=2
56. x —y?? =0 and x+)y*=2

57. x=p>—1 and x =|[y[V1 —y?

58. x =33 — % and x =2

Find the areas of the regions enclosed by the curves in Exercises 59-62.
59. 4> +y=4 and x*—y=1

60. x>—y =0 and 3x>—y=4

6l. x+4y*=4 and x+y*=1, for x=0

62. x +y?>=3 and 4x+y>2=0

Find the areas of the regions enclosed by the lines and curves in Exer-
cises 63-70.

63. y=2sinx and y=sin2x, 0 =x=m

64. y =8cosx and y=sec’x, —w/3=x=mu/3
65. y = cos (mx/2)

66. y = sin(mx/2) and y =x

and y=1—x>

67. y = sec’x, y=tan’y, x = —m/4, and x = 7/4
68. x =tan’y and x = —tan’y, —-w/4 =y = u/4
69. x =3siny Vecosy and x=0, 0=y =m7/2

70. y = sec’(mx/3) and y=x'3 —-1=x=1

71. Find the area of the propeller-shaped region enclosed by the curve
x —y>=0andthelinex — y = 0.

72. Find the area of the propeller-shaped region enclosed by the
curves x — y'° = 0 and x —yl/5 =0.

73. Find the area of the region in the first quadrant bounded by the

line y = x, the line x = 2, the curve y = l/xz, and the x-axis.  gyercise

74. Find the area of the “triangular” region in the first quadrant
bounded on the left by the y-axis and on the right by the curves
y = sinxand y = cosx.

75. The region bounded below by the parabola y = x* and above by
the line y = 4 is to be partitioned into two subsections of equal
area by cutting across it with the horizontal line y = c.

a. Sketch the region and draw a line y = ¢ across it that looks
about right. In terms of ¢, what are the coordinates of the
points where the line and parabola intersect? Add them to
your figure.
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b. Find ¢ by integrating with respect to y. (This puts ¢ in the y
limits of integration.)

c. Find ¢ by integrating with respect to x. (This puts ¢ into the
integrand as well.)

76. Find the area of the region between the curve y = 3 — x? and the
line y = —1 by integrating with respect to a. x, b. y.

77. Find the area of the region in the first quadrant bounded on the
left by the y-axis, below by the line y = x/4, above left by the
curve y = 1 + VX, and above right by the curve y = 2/ V.

82. True, sometimes true, or never true? The area of the region be-

78. Find the area of the region in the first quadrant bounded on the tween the graphs Of the ) continuous functions y = f (fc) and
left by the y-axis, below by the curve x = 2y, above left by the y = g(x) and the vertical lines x = aand x = b (a < b) is
curve x = (y — 1)% and above right by the line x = 3 — y. b

y / [/(x) — g ()] d.
x=(y—1)>
Give reasons for your answer.
2 -
X=3-y
Theory and Examples
1 83. Suppose that F(x) is an antiderivative of f(x) = (sinx)/x, x > 0.
Express
x=2Vy P .
! ! X M d
0 1 2 1 X ax
in terms of F.
79. The figure here shows tzriangle 40C inscri2beq in the .reg‘ion cut 84. Show that if f is continuous, then
from the parabola y = x~ by the line y = @~. Find the limit of the
. . . . 1 1
ratio of the area of the triangle to the area of the parabolic region / F(x) dx = / F(1 = x) dx.
as a approaches zero. 0 o
Y 85. Suppose that
y=x 1
\A c/y=a2 Of(x)dx—l‘)
(-a a’) (aa”) ,
Find
0
f(x) dx
| 1 -1
-a O a X

ifa. fisodd, b. fiseven.
80. Suppose the area of the region between the graph of a positive 86. a. Show thatif /is odd on [~a, a], then
continuous function f and the x-axis from x = a to x = b is 4 “
square units. Find the area between the curves y = f(x) and [ Y flx) dx = 0.
y = 2f(x) fromx = atox = b.
b. Test the result in part (a) with f(x) = sinxanda = 7/2.

81. Which of the followmg 1ntegrals? if either, calculates the area of 87. If f is a continuous function, find the value of the integral
the shaded region shown here? Give reasons for your answer.
1 1 I a f(x) dx
a. ll(x — (—x))dx = [12xdx ) () + fla — x)
b. / 1(—x — (x)) dx = / : —oy dx by making the substitution # = ¢ — x and adding the resulting
-1 -1 integral to /.
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88. By using a substitution, prove that for all positive numbers x and y,

Xyl _ )’1
[ Tdt_[ 7dl‘.

The Shift Property for Definite Integrals

A basic property of definite integrals is their invariance under transla-
tion, as expressed by the equation.

b b—c
/ fx)dx = fx + ¢)dx. (1)

The equation holds whenever f is integrable and defined for the nec-
essary values of x. For example in the accompanying figure, show that

-1 1
/ (x+2)3dx:/x3dx
) 0

because the areas of the shaded regions are congruent.

y=(x+2)> y=x

5.6 Substitution and Area Between Curves 387

89. Use a substitution to verify Equation (1).

90. For each of the following functions, graph f(x) over [a, b] and
f(x + ¢) over [a — ¢, b — c] to convince yourself that Equation
(1) is reasonable.

a. fx)=x% a=0 b=1, c=1
b. f(x) =sinx, a=0, b=m, c¢=m/2
c. fx)=Vx—4, a=4 b=8, ¢c=5

COMPUTER EXPLORATIONS

In Exercises 91-94, you will find the area between curves in the plane
when you cannot find their points of intersection using simple alge-
bra. Use a CAS to perform the following steps:

a. Plot the curves together to see what they look like and how
many points of intersection they have.

b. Use the numerical equation solver in your CAS to find all the
points of intersection.

c. Integrate | f(x) — g(x)| over consecutive pairs of intersection
values.

d. Sum together the integrals found in part (c).

3 2

O f) =%~ L -2+ 1 g =x -1

4
92. f(x) = % —3x*+ 10, g(x) =8 — 12x

93. f(x) = x + sin(2x), g(x) =x°
94. f(x) = x*cosx, g(x) =x>—x
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Chapter 5 Questions to Guide Your Review

Chapter

. How can you sometimes estimate quantities like distance traveled,
area, and average value with finite sums? Why might you want to
do so?

. What is sigma notation? What advantage does it offer? Give ex-
amples.

. What is a Riemann sum? Why might you want to consider such a
sum?

4. What is the norm of a partition of a closed interval?

5. What is the definite integral of a function f over a closed interval

[a, b]? When can you be sure it exists?

. What is the relation between definite integrals and area? Describe
some other interpretations of definite integrals.

. What is the average value of an integrable function over a closed
interval? Must the function assume its average value? Explain.

Questions to Guide Your Review

10.
11.
12.
13.

14.

. Describe the rules for working with definite integrals (Table 5.3).

Give examples.

. What is the Fundamental Theorem of Calculus? Why is it so im-

portant? Illustrate each part of the theorem with an example.

How does the Fundamental Theorem provide a solution to the ini-
tial value problem dy/dx = f(x), y(xo) = yo, when f is continu-
ous?

How is integration by substitution related to the Chain Rule?
How can you sometimes evaluate indefinite integrals by substitu-
tion? Give examples.

How does the method of substitution work for definite integrals?
Give examples.

How do you define and calculate the area of the region between
the graphs of two continuous functions? Give an example.
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Chapter Practice Exercises

Finite Sums and Estimates

1. The accompanying figure shows the graph of the velocity (ft/sec)
of a model rocket for the first 8 sec after launch. The rocket accel-
erated straight up for the first 2 sec and then coasted to reach its
maximum height at # = 8 sec.

200

150 \

B N

g AN

= 100

50 N
0 2 4 6 8

Time after launch (sec)

a. Assuming that the rocket was launched from ground level,
about how high did it go? (This is the rocket in Section 3.3,
Exercise 17, but you do not need to do Exercise 17 to do the
exercise here.)

b. Sketch a graph of the rocket’s height aboveground as a
function of time for 0 = r = 8.
2. a. The accompanying figure shows the velocity (m/sec) of a
body moving along the s-axis during the time interval from
t = 0to ¢ = 10 sec. About how far did the body travel during
those 10 sec?

b. Sketch a graph of s as a function of  for 0 = ¢ = 10
assuming s(0) = 0.

5

) 71N

Velocity (m/sec)
[\e)
I~
|’

7 \

0 2 4 6 8 10
Time (sec)

10 10
3. Suppose that Eak = —2and Ebk = 25. Find the value of
= =
10
b. kE(bk - 3ak)
=1

10 5
d > (— - bk)
k=1 2

10
C. E(Qk + bk - 1)
k=1

20 20
4. Suppose that Eak = 0 and Ebk = 7. Find the values of
=1 =

20

20
a. > 3aq b. > (ax + by
=1 k=1

20
1 2b
2 (5 - 7)

Definite Integrals

In Exercises 5-8, express each limit as a definite integral. Then evalu-
ate the integral to find the value of the limit. In each case, P is a parti-
tion of the given interval and the numbers c; are chosen from the
subintervals of P.

20
d. E(Qk - 2)
k=1

. HIl‘i‘mo > (2¢x — 1)72 Axy, where P is a partition of [1, 5]
—0 k=1

n
6. H;ﬁmo Eck(ckz — 1)'3 Ax;, where P is a partition of [1, 3]
—0 /=1

/! c

7. lim E (cos (*k)) Ax;, where P is a partition of [—r, 0]

[PI—0 =1 2

8. H}lﬁmo E (sin ¢x)(cos ¢x) Axy, where P is a partition of [0, 7/2]
—0 /=1

9. If ffz 3f(x) dx = 12, szf(x) dx = 6, and szg(x) dx =2,
find the values of the following.

a. /zf(x) dx b. /Sf(x) dx
- 2
-2 5
c. / g(x) dx d. / (—mg(x)) dx
5 -2

. / | (M) dx

10. If fozf(x) dx =, f02 7g(x)dx = 7, and fol g(x) dx = 2, find
the values of the following.
2
b. / g(x) dx
1

2
a. /g(x)dx
0
2
d. / V2 f(x) dx
0

0
c. / f(x) dx
2

2
e l (g(x) — 3f() dx

Area

In Exercise 11-14, find the total area of the region between the graph
of f and the x-axis.

1. fx) =x*>—4x+3, 0=x=3
12. f(x) =1— (x*4), —2=x=3

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley



Chapter 5 Practice Exercises 389

13. f(x) =5 —5x23, —-1=x=38 Initial Value Problems

4. fx)=1—-Vx, 0=x=4 x4
33. Show that y = x? + / Tdt solves the initial value problem

Find the areas of the regions enclosed by the curves and lines in Exer- !

cises 15-26. d*y 1 )

15.y=x, yZI/XZ’ x=2 E_Z_;a y(l)_39 y(l)_l

16. y=x, y=1/Vx, x=2

34. Show that y = [, (1 + 2V sect)dr solves the initial value
17. Vx+Vy=1, x=0, y=0 r= ol )

problem
{ dy

P secxtanx; y'(0) =3, »(0) =0.
X

Express the solutions of the initial value problems in Exercises 35 and
36 in terms of integrals.

= dy _ sinx
Vx+ Vy=1 3. =y y(8) =3

d
X 36. 2 = V2 —sin’x, yp(-1)=2

0 1 dx

Evaluating Indefinite Integrals

y . . .
Evaluate the integrals in Exercises 37-44.
| X+ Vy=10=x=<1 &
37. /2(cos x) V2 sin x dx 38. /(tanx)_B‘/2 sec? x dx
39. /(20 + 1+ 2cos(20 + 1)) do
1
x 40. /(7 + 2sec? (20 — w)) do
0 ! V20—«
t+ 1) —1
19. x=2y% x=0, y=3 20.x=4—)% x=0 41. /(1—%)(”%)& 42. /%dt
21, yr =4y, y=4x—2
22. Y2 =4x +4, y=4x— 16 43. / Vi sin (26°) dt 44. /sec@tanﬂ V1 + sec db
23. y=sinx, y=x, 0=x=m7/4
4. y = |sinx|, y=1, —w2=x=u/2 Evaluating Definite Integrals

25. y =2sinx, y=sin2y, 0=x=m Evaluate the integrals in Exercises 45-70.

26. y = 8cosx, y = sec’x, -m/3 =x=7/3 1
27. Find the area of the “triangular” region bounded on the left by 45. /

1

(3x2 — 4x + 7) dx 46. / (853 — 1252 + 5) ds
0

x + y = 2, on the right by y = x2, and above by y = 2.

1

2 27
4 -
28. Find the area of the “triangular” region bounded on the left by 47. 2 dv 48. / x ¥ dx
y = Vx,ontherightby y = 6 — x,and belowby y = 1. s 4<1 . \/&)1/2
29. Find the extreme values of f(x) = x> — 3x? and find the area of 49. / 7 50. / #du
the region enclosed by the graph of f and the x-axis. ! | i ! . u
30. Find the area of the region cut from the first quadrant by the curve 51. _36dx 52, / __dr
X2 4 12 = g2, o (2x+ 1) 0 V(7 - 5r)?
1 1/2
31. Find the total area of the region enclosed by the curve x = y?/? 53 / VB = X3 gy 54. / /x3(1 + x4 2 gy
and the linesx = yand y = —1. 18 0
. . . T /4
32. Find the total area of the region between the curves y = sin x and 55, / sin 57 dr 56. / cos? ( 4 -7 ) dt
y =cosxfor0 = x = 37/2. 0 0 4
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/3 3m/4
57. / sec’ 6 db 58. / csc? x dx
0 /4
37 T
59. / cot? > dx 60. / tan?
T 0
0 3m/4
6l. / sec x tan x dx 62. / csczceotzdz
—7/3 /4

/2
63. / 5(sinx)¥2 cos x dx 64. / 2xsin (1 — x2) dx
0 -1

/2 27/3 o o
65. / 15 sin* 3x cos 3x dx 66. / cos * (% )sin (3 ) dx
—7/2 0 2 2

™2 3 §inx cos x 68 /”/4 sec? x i
“Jo (14 7tanx)¥3

67. ————x
™3 tang /ﬂ2/4 cosV1

0 V1 + 3sin’x
69. —db 70.
0 V2 secH =36 Vtsin V7t

Average Values

dt

71. Find the average value of f(x) = mx + b
a. over [—1,1]
b. over [—k, k]
72. Find the average value of
a. y = V/3x over [0, 3]
b. y= Vax over [0, a]
73. Let f be a function that is differentiable on [a, b]. In Chapter 2 we

defined the average rate of change of f over [a, b] to be

f(b) — fla)
b—a

and the instantaneous rate of change of f at x to be f'(x). In this
chapter we defined the average value of a function. For the new def-
inition of average to be consistent with the old one, we should have

f(b) — fla)

b g Average value of f’ on [a, b].

Is this the case? Give reasons for your answer.

74. Is it true that the average value of an integrable function over an
interval of length 2 is half the function’s integral over the interval?
Give reasons for your answer.

75. Compute the average value of the temperature function

f(x) = 37sin (365 (x — 101)) + 25

for a 365-day year. This is one way to estimate the annual mean
air temperature in Fairbanks, Alaska. The National Weather Ser-
vice’s official figure, a numerical average of the daily normal
mean air temperatures for the year, is 25.7°F, which is slightly
higher than the average value of f(x). Figure 3.33 shows why.

76. Specific heat of a gas Specific heat C, is the amount of heat re-

quired to raise the temperature of a given mass of gas with con-

stant volume by 1°C, measured in units of cal/deg-mole (calories
per degree gram molecule). The specific heat of oxygen depends
on its temperature 7 and satisfies the formula

C, = 827 + 1073 (26T — 1.87T?).

Find the average value of C, for 20° = 7' = 675°C and the tem-

perature at which it is attained.

Differentiating Integrals

In Exercises 7780, find dy/dx.
X 7?

77.y=/ V2 + cos’tdt 78. y = \/2 + cos’ t dt

2 2

"6 S|
79. y = dt 80. y = ———dt
4 [ 3+ 7 /mx 2+ 1

Theory and Examples

81. Is it true that every function y = f(x) that is differentiable on
[a, b] is itself the derivative of some function on [a, b]? Give rea-

sons for your answer.
= V1 + x* Ex-

1 . .
press fo V1 + x* dx in terms of F and give a reason for your
answer.

83. Find dy/dx if y = fxl \/1 + 12 dt. Explain the main steps in
your calculation.

84. Find dy/dx if y = fgosx (1/(1 = %)) dt. Explain the main steps
in your calculation.

82. Suppose that F(x) is an antiderivative of f(x)

85. A new parking lot To meet the demand for parking, your town
has allocated the area shown here. As the town engineer, you have
been asked by the town council to find out if the lot can be built
for $10,000. The cost to clear the land will be $0.10 a square foot,
and the lot will cost $2.00 a square foot to pave. Can the job be
done for $10,000? Use a lower sum estimate to see. (Answers
may vary slightly, depending on the estimate used.)

0 ft

/ 675 ft. /

42 ft

Ignored
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86. Skydivers A and B are in a helicopter hovering at 6400 ft. Sky-
diver A jumps and descends for 4 sec before opening her para-
chute. The helicopter then climbs to 7000 ft and hovers there.
Forty-five seconds after A leaves the aircraft, B jumps and de-
scends for 13 sec before opening his parachute. Both skydivers
descend at 16 ft/sec with parachutes open. Assume that the sky-
divers fall freely (no effective air resistance) before their para-
chutes open.

a. At what altitude does A’s parachute open?

b. At what altitude does B’s parachute open?
¢. Which skydiver lands first?

Average Daily Inventory

Average value is used in economics to study such things as average
daily inventory. If /(¢) is the number of radios, tires, shoes, or whatever
product a firm has on hand on day ¢ (we call / an inventory function),
the average value of / over a time period [0, 7] is called the firm’s av-
erage daily inventory for the period.

T
Average daily inventory = av(/) = % / 1(t) dt.
0

If 4 is the dollar cost of holding one item per day, the product av(7) - &
is the average daily holding cost for the period.

87.

88.

89.

90.

Chapter 5 Practice Exercises 391

As a wholesaler, Tracey Burr Distributors receives a shipment of
1200 cases of chocolate bars every 30 days. TBD sells the choco-
late to retailers at a steady rate, and ¢ days after a shipment ar-
rives, its inventory of cases on hand is () = 1200 — 40¢,
0 = ¢t = 30. What is TBD’s average daily inventory for the 30-
day period? What is its average daily holding cost if the cost of
holding one case is 3¢ a day?

Rich Wholesale Foods, a manufacturer of cookies, stores its cases
of cookies in an air-conditioned warehouse for shipment every 14
days. Rich tries to keep 600 cases on reserve to meet occasional
peaks in demand, so a typical 14-day inventory function is
1(¢) = 600 + 600z,0 = ¢ = 14. The daily holding cost for each
case is 4¢ per day. Find Rich’s average daily inventory and aver-
age daily holding cost.

Solon Container receives 450 drums of plastic pellets every 30
days. The inventory function (drums on hand as a function of
days) is I(t) = 450 — */2. Find the average daily inventory. If
the holding cost for one drum is 2¢ per day, find the average daily
holding cost.

Mitchell Mailorder receives a shipment of 600 cases of athletic
socks every 60 days. The number of cases on hand ¢ days after the
shipment arrives is () = 600 — 20\/15¢. Find the average
daily inventory. If the holding cost for one case is 1/2¢ per day,
find the average daily holding cost.
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Chapter 5 Additional and Advanced Exercises 391

Chapter Additional and Advanced Exercises

Theory and Examples
1 1
1. a. If/ Tf(x)dx =17, does/ f(x)dx = 1?
0 0
1
b. If/ f(x) dx = 4 and f(x) = 0, does
0

/1\/f(x)dx =V4=27
0

Give reasons for your answers.

2 5 5
2. Suppose/ f(x)dx = 4,/ f(x) dx = 3,/ g(x)dx = 2.
-2 2 -2

Which, if any, of the following statements are true?

2 5
a. K f(x)dx = =3 b. Zz(f(x) +gx) =9

¢. f(x) = g(x)ontheinterval -2 = x =5

3. Initial value problem Show that

y = %Axf(t) sina(x — ) dt

solves the initial value problem

2 dy

l+a2y=f(x), — =0 and y = 0whenx = 0.

dx? dx

(Hint: sin (ax — at) = sinax cos at — cos ax sin at.)

. Proportionality Suppose that x and y are related by the equation

Y 1
——dl.
0 V1 + 472

Show that d?y/dx? is proportional to y and find the constant of
proportionality.

X =

. Find f(4) if

x fx)
a. / f(t)dt = x cos mx b. / t?dt = x cos mx.
0 0

. Find f(7/2) from the following information.

i. f is positive and continuous.
ii. The area under the curve y = f(x) fromx = Otox = ais
2

a a . T
— + = sin + = .
) 25 a 2COS(I
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392 Chapter 5: Integration

7. The area of the region in the xy-plane enclosed by the x-axis, the
curve y = f(x), f(x) = 0, and the linesx = landx = b is

equalto Vb2 + 1 — V2 forall b > 1. Find f(x).

8. Prove that

/X(/uf(t) dt) du = /xf(u)(x —u)du.
0o \Jo 0

(Hint: Express the integral on the right-hand side as the difference
of two integrals. Then show that both sides of the equation have
the same derivative with respect to x.)

9. Finding a curve Find the equation for the curve in the xy-plane
that passes through the point (1, —1) if its slope at x is always
3x? + 2.

10. Shoveling dirt You sling a shovelful of dirt up from the bottom
of a hole with an initial velocity of 32 ft/sec. The dirt must rise 17
ft above the release point to clear the edge of the hole. Is that
enough speed to get the dirt out, or had you better duck?

Piecewise Continuous Functions

Although we are mainly interested in continuous functions, many
functions in applications are piecewise continuous. A function f(x) is
piecewise continuous on a closed interval 7 if f has only finitely
many discontinuities in /, the limits

lim_f(x) and lim_f(x)

exist and are finite at every interior point of /, and the appropriate one-
sided limits exist and are finite at the endpoints of /. All piecewise
continuous functions are integrable. The points of discontinuity subdi-
vide / into open and half-open subintervals on which f is continuous,
and the limit criteria above guarantee that f has a continuous exten-
sion to the closure of each subinterval. To integrate a piecewise con-
tinuous function, we integrate the individual extensions and add the
results. The integral of

1 —x, -1=x<0
flx) = ¢ x2, 0=x<2
-1 2=x=3

E)

(Figure 5.34) over [—1,

3]is
3 0 2 3
/f(x)dx /(1*x)dx+/x2dx+/(*l)dx
-1 -1 0 2
xz 0 x3 2 3
o I R !

3.8 ,_19
=tz 1=%"

The Fundamental Theorem applies to piecewise continuous func-
tions with the restriction that (d/dx) fa * £(¢) dt is expected to equal
f(x) only at values of x at which f is continuous. There is a similar re-
striction on Leibniz’s Rule below.

Graph the functions in Exercises 11-16 and integrate them over
their domains.

y
4

3 y=x*
2_
y—l\
-

I I I I X

-1 0 1 2 3

y=-1

1+ o——o

FIGURE 5.34 Piecewise continuous functions
like this are integrated piece by piece.

B 8=x<0

ll'f(x)_{—4, 0=x=3

. f(x):{\/:c, —4=x<0
x2 — 4, 0=x=3
t, =t<

13. g(’):{smm, l=1=2

14.h(z)={'1_z’ 0=z<1
(7z—6)"3, 1=z=2
1, —2=x<-1

15.f(x)—{1—x2, —1=x<1
2, l=x=2
r, —-1=r<o

16. h(r) = ¢ 1 — r?, 0=r<]1
1, l<r=2

17. Find the average value of the function graphed in the accompany-
ing figure.

0 1 2

18. Find the average value of the function graphed in the accompany-

ing figure.
y
l¢—0 O—0
- 5>X
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Leibniz’s Rule

In applications, we sometimes encounter functions like

2

X 2Vx
(1 + ¢)dt and glx) = / sin #2 dt,
Vi

X

foy = |
Sinx

defined by integrals that have variable upper limits of integration and
variable lower limits of integration at the same time. The first integral
can be evaluated directly, but the second cannot. We may find the de-
rivative of either integral, however, by a formula called Leibniz’s Rule.

Leibniz’s Rule

If f is continuous on [a, b] and if u(x) and v(x) are dif-
ferentiable functions of x whose values lie in [a, b],
then

d v(x)

g [, 0= fe) G = s G

Figure 5.35 gives a geometric interpretation of Leibniz’s Rule. It
shows a carpet of variable width f(¢) that is being rolled up at the left
at the same time x as it is being unrolled at the right. (In this interpre-
tation, time is x, not £.) At time x, the floor is covered from u(x) to v(x).
The rate du/dx at which the carpet is being rolled up need not be the
same as the rate dv/dx at which the carpet is being laid down. At any
given time x, the area covered by carpet is

v(x)

f(2) dt.
x)

u(.

Ax) =

y

Uncovering

f(u())

Covering

f(v(9)

y = ()

u(x)
v(X)
A(X) = / f(t) dt
u(x)

FIGURE 5.35 Rolling and unrolling a carpet: a geometric
interpretation of Leibniz’s Rule:

t

G ) 9 = ) 22

At what rate is the covered area changing? At the instant x, A(x) is in-
creasing by the width f(v(x)) of the unrolling carpet times the rate

Chapter 5 Additional and Advanced Exercises 393

dv/dx at which the carpet is being unrolled. That is, A(x) is being in-
creased at the rate

dv
Fw) 2
At the same time, A is being decreased at the rate
du
flata) G,

the width at the end that is being rolled up times the rate du/dx. The
net rate of change in 4 is

B ) D~ flu) 2,

which is precisely Leibniz’s Rule.
To prove the rule, let F be an antiderivative of f on [a, b]. Then
v(x)
f(t)dt = F(v(x)) — Fu(x)).
u(x)
Differentiating both sides of this equation with respect to x gives the
equation we want:

d v(x)

_d .
i, f0d=4 {F(voc)) Flu(x))

- F’(v(x))% - F’(u(x))% Chain Rule

= f0) P~ fluto) .

Use Leibniz’s Rule to find the derivatives of the functions in Ex-
ercises 19-21.

X 1 sinx 1
19. f(x) =/ —dt 20. f(x) =/ —dt
f 1/x t f cosx 1 — 12

Wy
21. g(y) =/ sin 1% dt
Vy

y

22. Use Leibniz’s Rule to find the value of x that maximizes the value

of the integral
x+3
/ t(5 — 1) dr.

Problems like this arise in the mathematical theory of political
elections. See “The Entry Problem in a Political Race,” by Steven
J. Brams and Philip D. Straffin, Jr., in Political Equilibrium, Peter
Ordeshook and Kenneth Shepfle, Editors, Kluwer-Nijhoff,
Boston, 1982, pp. 181-195.

Approximating Finite Sums with Integrals

In many applications of calculus, integrals are used to approximate fi-
nite sums—the reverse of the usual procedure of using finite sums to
approximate integrals.
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394 Chapter 5: Integration

For example, let’s estimate the sum of the square roots of the first 25. Let f(x) be a continuous function. Express
n positive integers, V1+ V244 Vn.The integral

| 1 2
/1\/§dx=2x3/2}1:2 nhjgoﬁ[f (ﬁ>+f(ﬁ>+"'+f<%)}
0 3 0 3

as a definite integral.

is the limit of the upper sums 26. Use the result of Exercise 25 to evaluate
_ 11 2 1 n o1 Clim Lo+ 4+6+12
Sn_\/;'ﬁ"_\/;'ﬁ"—"’_'_ 5% ani{gonz( 6 n),
_ VI V24tV b, lim — (1'% + 215 4 315 .4 419,
232 : n—00 p
y c. lim %(Sin%+sin27w+sin377r+---+ sin%).
n—>00
y = VX What can be said about the following limits?
d. lim %(115 +25 435 44 ah)
n—>xX n
e. lim %5(115 + 25 4+ 35 4.yl
n—>x pn
27. a. Show that the area 4, of an n-sided regular polygon in a circle
of radius r is
_w? 2w
of 1 2 n-11 Ay =ysiny
n n n
b. Find the limit of 4, as n — 00, Is this answer consistent with
Therefore, when 7 is large, S, will be close to 2/3 and we will have what you know about the area of a circle?
2 28. A differential equation Show that y = sinx +
- — 32 o 2 32
Rootsum = V1 + V2 4+ Vi =5,-n¥? » 3 [T cos 2t dt + 1 satisfies both of the following conditions:
i,y = —sinx + 2sin2
The following table shows how good the approximation can be. L s st ex
ii. y=1landy = —2whenx = 7.

n Root sum (2/3)n? Relative error 29. A function defined by an integral The graph of a function f
10 22 468 21,082 1.386/22.468 ~ 6% consists o£ a semicircle and two line segments as shown. Let
50 239.04 235.70 1.4% g() = [y f0 dr.

100 671.46 666.67 0.7%

1000 21,097 21,082 0.07%

3

23. Evaluate

o P23 y=f(x)/—\l:\
n;“go n® I L1 ! |/| X

SN 1\\/3

by showing that the limit is

1
/ x5 dx
0 a. Find g(1). b. Find g(3). c. Find g(—1).
and evaluating the integral. d. Find all values of x on the open interval (—3, 4) at which g
24. See Exercise 23. Evaluate has a relative maximum.
| e. Write an equation for the line tangent to the graph of g at
lim — (1° + 2% + 3+ +2?). x=-1.

n—> n
f. Find the x-coordinate of each point of inflection of the graph
of g on the open interval (=3, 4).

g. Find the range of g.
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