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Composition
(is associative)

A B
f // B

C

g

��
C D

h
//

A

C

(g◦f=) f ;g

��?
??

??
??

??
??

? B

D

g;h (=h◦g)

��?
??

??
??

??
??

? {1, 2} {3, 4}
1 7→3
2 7→4 // {3, 4}

{5, 6}

3 7→6
4 7→5

��
{5, 6} {7, 8}

5 7→7
6 7→7

//

{1, 2}

{5, 6}
��?

??
??

??
??

??
{3, 4}

{7, 8}
��?

??
??

??
??

??

((h ◦ g) ◦ f)(a) = (h ◦ g)(f(a))
= h(g(f(a)))
= h((g ◦ f)(a))
= (h ◦ (g ◦ f))(a)

((h ◦ g) ◦ f)(a) = (h ◦ (g ◦ f))(a)
(h ◦ g) ◦ f = h ◦ (g ◦ f)

D A

oo (h◦g)◦f

D B

oo h◦g

D Coo h C Boo g B Aoo fC A
oo

g◦f

D A

oo
h◦(g◦f)

Identities:
If f : A→ B then idA; f = f = f ; idB

A A
idA // A

B

f

��
B B

idB

//

A

B

f = idA;f

��?
??

??
??

??
??

? A

B

f ;idB = f

��?
??

??
??

??
??

? {1, 2} {1, 2}
1 7→1
2 7→2 // {1, 2}

{3, 4}

1 7→3
2 7→4

��
{3, 4} {3, 4}

3 7→3
4 7→4

//

{1, 2}

{3, 4}
��?

??
??

??
??

??
{1, 2}

{3, 4}
��?

??
??

??
??

??

A theorem about lateral inverses:
If f ; g = id and g;h = id then f = h

B A
f // A

B

g

��
B A

h
//

B

B

idB = f ;g

��?
??

??
??

??
??

? A

A

idA = g;h

��?
??

??
??

??
??

?

(f ; g);h = idB ;h = h
f ; (g;h) = f ; idA = f

f = f ; idA
= f ; (g;h)
= (f ; g);h
= idB ;h
= h
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Multiple inverses

{1, 2} {3, 4, 5}// ? //{1, 2} {3, 4, 5}//
?
// {3, 4, 5}

{1, 2}

3 7→1
4 7→2
5 7→2
����

{1, 2}

{1, 2}

id

��?
??

??
??

??
??

{5, 6}

{7, 8, 9}

5 7→7
6 7→8

����
{7, 8, 9} {5, 6}// ? //{7, 8, 9} {5, 6}//

?
//

{5, 6}

{5, 6}

id

��?
??

??
??

??
??

No inverses

{3, 4, 5} {1, 2}
=( // {1, 2}

{3, 4, 5}

��
1 7→3
2 7→4

��

{3, 4, 5}

{3, 4, 5}

id

��?
??

??
??

??
??

{3, 4, 5} {1, 2}// //{3, 4, 5} {1, 2}// //

{1, 2}

{1, 2}

id

��?
??

??
??

??
??

{8, 9}

{8, 9}

id

��?
??

??
??

??
??

{8, 9} {5, 6, 7}// //{8, 9} {5, 6, 7}// // {5, 6, 7}

{8, 9}

5 7→8
6 7→9
7 7→9
����

{8, 9} {5, 6, 7}
=(
//

{5, 6, 7}

{5, 6, 7}

id

��?
??

??
??

??
??

{4, 5, 6} {1, 2, 3}
=( // {1, 2, 3}

{4, 5, 6}

1 7→4
2 7→5
3 7→5

��
{4, 5, 6} {1, 2, 3}

=(
//

{4, 5, 6}

{4, 5, 6}

id

��?
??

??
??

??
??

{1, 2, 3}

{1, 2, 3}

id

��?
??

??
??

??
??

Products
Property: ∀f, g.∃!h.(f = h;π & g = h;π′)
Solution: h = λa : A.(f(a), g(a))
Bijection: (f, g)↔ h
(→): λ(f, g).(λa : A.(f(a), g(a)))
(←): λh.((h;π), (h;π′))

A

B

f

����
��
��
��
��
��
��
��
A

B × C

h

��

A

C

g

��?
??

??
??

??
??

??
??

?

B B × Coo
π

B × C C
π′

//

{1, 2}

{3, 4}

1 7→3
2 7→4

����
��
��
��
��
��
��
�
{1, 2}

{
(3,5),(3,6),
(4,5),(4,6)

}
1 7→(3,5)
2 7→(4,6)

��

{1, 2}

{5, 6}

1 7→5
2 7→6

��?
??

??
??

??
??

??
??

{3, 4}
{

(3,5),(3,6),
(4,5),(4,6)

}
oo

π

{
(3,5),(3,6),
(4,5),(4,6)

}
{5, 6}

π′
//
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Exponentials
Bijection: f ↔ g
(→) (“currying”): g := cur f := λa : A.λb : B.f(a, b)
(←) (“uncurrying”): f := uncur g := λ(a, b) : A×B.((g(a))(b))

A×B Aoo λA.(A×B) �

C B→C�
λC.(B→C)

//

A×B

C

f

��

A

B→C

g

��

oo //

{
(1,3),(1,4)
(2,3),(2,4)

}
{1, 2}oo �

{5, 6}


{

(3,5),
(4,5)

}
,

{
(3,5),
(4,6)

}
,{

(3,6),
(4,5)

}
,

{
(3,6),
(4,6)

}
� //

{
(1,3),(1,4)
(2,3),(2,4)

}

{5, 6}

(1,3) 7→5
(1,4) 7→6
(2,3) 7→6
(2,4) 7→5

��

{1, 2}


{

(3,5),
(4,5)

}
,

{
(3,5),
(4,6)

}
,{

(3,6),
(4,5)

}
,

{
(3,6),
(4,6)

}


1 7→
{

(3,5),
(4,6)

}
2 7→

{
(3,6),
(4,5)

}
��

oo //

Properties: cur uncur f = f , uncur cur g = g
where: f × f ′ := 〈π; f, π′; f ′〉, uncur g := (g × id); ev
solving type equations:

π f

π; f

π′ f ′

π′; f ′

〈π; f, π′; f ′〉
f × f ′ ren

π : A×?→ A

π; f : A×?→ B

π′ :?×A′ → A′ f ′ : A′ → B′

π′; f ′ :?×A′ → B′

〈π; f, π′; f ′〉 : A×A′ → B ×B′

f × f ′ : A×A′ → B ×B′ ren

g id

g × id ev

(g × id); ev

uncur g
ren

g : A→ (B→C) id :?→?

g × id : A×?→ (B→C)×? ev : (B→C)×B → C

(g × id); ev : A×?→ C

uncur g : A×?→ C

2016-2-LA-cats August 27, 2016 02:45


