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Questao 1

(Total: 3.5 pts)

O diagrama de numerozinhos da ultima folha da
prova corresponde a uma superficie z = F(z,y)
que tem 6 faces. Também é possivel interpreta-
lo como uma superficie com 7 ou mais faces, mas
vamos considerar que a superficie com s6 6 faces é
que é a correta.

a) (0.5 pts) Mostre como dividir o plano em
6 poligonos que sao as projecoes destas faces no
plano do papel.

b) (0.5 pts) Chame estas faces de face N
(“norte”), S (“sul”), W (“oeste”), C (“centro”), E
(“leste”) e NE (“nordeste”), e chame as equagoes
dos planos delas de Fy(z,y), Fs(z,v), Fw(z,y),
Fo(z,y), Fe(z,y), e Fyp(z,y). D@ as equagoes
destes planos.

¢) (0.5 pts) Sejam:
Pe = {(x,y,2) €eR®| 2= Fe(x,y) },
}

Pr = {(z,y.2) €ER*| 2= Fp(z,y)
r = PcNPg.

)

Represente a reta r graficamente como numeroz-
inhos.

d) (0.5 pts) Dé uma parametrizagdo para a reta
do item anterior. Use notagao de conjuntos.

e) (0.5 pts) Seja
A= {0,1,...,9} x {0,1,...,11};

note que os numerozinhos do diagrama de nu-
merozinhos estdo todos sobre pontos de A. Para
cada ponto (x,y) € A represente graficamente
(z,y) + %ﬁF(:&y).

Obs: quando VF(z,y) = 0 desenhe uma bolinha
preta sobre o ponto (z,y), e quando ﬁF(w, y) nao
existir faga um ‘x’ sobre o numerozinho que esta
no ponto (z,y).

f) (1.0 pts) Sejam
Q) = (0.2)+4(L1),

(x(t),y(t)) = Q)
h(t) F(a(t), y(1))-

Considere que o

Faga o grafico da funcdo h(t).
dominio dela é o intervalo [0, 9)].
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Algumas defini¢oes

Em Caélculo 1 e Célculo 2 vocé viu que se f(z) é uma fungdo de R em R entdo a aproxi-
magao de Taylor de ordem 2 pra f(z) no ponto xg é:

(T f)(x) = f(a0)
+ j(xg)Aac
+ L IU)AZ‘

A “versdo Célculo 3” disto é a férmula abaixo. Se F(z,y) é uma funcio de R? em R entdo
a aproximagao de Taylor de ordem 2 pra F(z,y) no ponto (zo,yo) ¢

(T3, wo.00) F) (@) F(x0,0)
Fy(20,90) Az + Fy (20, y0) Ay

Fu(;o,yn)sz + Fuy (0, yo) AzAy + Fw(zu-yo)Ay2

+ +

e a gente diz que as derivadas até ordem 2 da fungdo F sdo as fungdes
(F, Fy, Fy, Fyy, Fyy, Fyy). Eu costumo organizar elas numa matriz:

F
D.F=|F F
Fow Froy Fyy
F(z0,%0)

(DzF)(CUnsyo): Fz(:vo,yo) Fy(l“myu)
Fm@m'yn) Fzy(Z()-yn) Fyy(l‘o-,yl))
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Questao 2

(Total: 6.5 pts)

Sejam
Flz,y) = xy(6 -2z —y),
P = (07 6)7
P = (172)s
Py = (370)s
P, = (0,0).

a) (0.5 pts) Calcule DoF.

b) (0.5 pts) Calcule Dy F nos pontos Py, Py, Ps,
e Py.

c) (1.0 pts) Calcule Ty (4, ) F nos pontos Py, P,
P3, e Py.

d) (0.5 pts) Os pontos Pi, P, P3 e Py sdo pontos
criticos da fungdo F? Quais deles sdo méaximos lo-
cais? Quais sdo minimos locais? Quais sdo pontos

Furz Fuy

de sela? Use o gradiente e o determinante
Fye Fyy

pra descobrir tudo isso.

Lembre que P, = (1,2).

Seja G(z,y) = (Th,a0F)(@,y)-
Seja B = {0, ...,3} x {0, ..., 6}
eC={(z,y)eB|ly<6-—2z}.

e) (0.5 pts) Calcule o diagrama de numerozinhos
da funcao F' nos pontos de C'.

f) (1.0 pts) Calcule o diagrama de numerozinhos
da funcdo G nos pontos de C.

g) (2.5 pts) Use o diagrama de numerozinhos da
F que vocé calculou no item (e) e os gradientes da
F nos pontos de C' — que vocé ainda nao calculou,
e vai ter que calcular agora — pra fazer um desenho
bem caprichado das curvas de nivel da F' dentro do
tridngulo cujos vértices sdo os pontos Py, P3 e Pj.
Vocé vai precisar reduzir a escala dos vetores gra-
dientes pra que eles ndo esbarrem uns nos outros —
desenhe F(z,y) + 35V F(z,y) para cada ponto de
C.
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Questao 1: gabarito

OO OO LO<H DA —
OO0 O LO <H DA — S
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Questao 1: gabarito (2)

(%i1) mkmatrix5(x,xs,y,ys,expr) ::= (%i11) mkmatrix5(x,seq(0,9), y,seqby(11,0,-1), [x,y1);
buildq([x,xs,y,ys,expr], (%o11)
apply('matrix, 0,11 [1,11] [2.11] [3,11] [4.11] [5,11] [6,11] [7,11] [8,
makelist (nakelist(expr,x,xs),y,ys)))$ [0,10] [1,10] [2,10] [3,10] [4,10] [5,10] 8
hi2) /* (1a) */ (0,9 (1,9 (29 [3,9 [49 [ (8,
/e (1b) */ 0.8 L8 [28 B8 (18 5 8,
Z N : 68 0.7 L7 27 (.7 47 5, 8.
(%i3) z_S : 0% [0.6] [1.6] [2.6] [3.6] [4.6 [5, 8.6
id) z W iy - 1; (0.5 [15] [2,5] [3,5] [4.5 [5, 8,1
(%od) 0.4 [1,4 (24 [3,4 [44 5, 8.
y—1 0.3 [1,3] [23] [3,3] [4.3] [, 8.
0.2 L2 22 [3.2] 42 [, 8.
(%i5) zC :y-x+1; 0.1 L1 21 (3,1 41 [, 8.
(%05) [0.0] [1,0] [20] [3,0] [4.0] [5,0 8.
y—r+1 (%112) mkmatrix5(x,seq(0,8), y,seqby(11,0,-1), ''z);
(%o12)
(%i6) z_E : -12 + 2y; 666666GGG6 6
(%o8) 666666GG6 6
2y —12 666665555
6666054444
(i7) z_NE : -4 + y; 666543222
(hoT) 555432100
y—4 144321000
333210000
(%18) z_ MR : min(z_E, z_NE); /* middle right */ 222100000
(%o8) 111000000
min (y — 4,2y — 12) 000000000
000000000

(%i9) z M : min(z_W, max(z_C, z MR)); /* middle */

(%09) (%i13) /*

plot3d (z, [x,0,8], [y,0,11]);

min (max (min (y — 4,2y —12) ,y —x+ 1),y — 1) "

(410) z  : min(z_N, max(z_S, z_M)$

2024-2-C3-P1 2024decl6 18:31


http://anggtwu.net/2024.2-C3.html

Questao 1: gabarito (3)

(4i13) /* (1c) =/

[zr_=z C, zr_=z E];

(%o13)

o =y—a+la =2y—12
(%i14) solve([zr_=z_C, zr_=z_El, [y,zr_1);
(%o14)

lly =13 —a,2r_ = 14 — 24])

(%i15) eqc : solve(lzr_=z_C, zr_=z_El, [y,zr_1)[1];
(%o15)
y=13 a2 =142

(%i16) define(yr_(x), subst(eqc, y));
(%o16)
yi_(z) =13 -2

(%i17) define(zr_(x), subst(eqc, zr));
(o17)
o (x) =142z

(%118) xyzr(x) =[x, yr_o(x), zr_(x1;
(%o18)

xyzr (z) = [o,yr_(2), 7 (2)]
(%i19) xyzr_top : rhs(fundef(xyzr));
(%o19)

[eyr (@), 2 (2)]

(%120) xyzr_lines : makelist(xyzr(x), x,2,9);

(%020)

[2,11,10],[3,10,8] . [4,9,6], 5,8,4] , 6

7,

2],[7,6,01

2],19,4, 4]

(%i21) apply('matrix, append([xyzr_top], xyzr_lines));

(%ho21)

7
2
3
4
5

8
9
(h122) /% (1d) =/
[x, yr_(x), zr_(x)1;
(%ho22)

yr_(x) zr_(x)

11 10

10 B

9 6

8 4

7 2

6 0

5 -2

4 —4
[#,13 — 2,14 — 22]
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Questao 1: gabarito (4)

(%123)

(%o23)
2 (xy)

(%i24)
(%h024)

(%125)
(%025)

(%126)
(%026)

(4i27)
(%027)

(%4128)
(%028)

(%129)

/% (1e) */
define(z(x,y), 2);

eps :

z_xr

z_xl

z_yu

z_yd

gradz(x,y) :

= (z(x+eps,y)-z(x,y))/ eps;

= (z(x-eps,y)-z(x,y))/-eps;

(z(x,y+eps)-z(x,y))/ eps;

then EZ,xr(X,y), ;,Y“(X.Y)]

(%i30)

(%030)
[

= min (6, max (0, min (max (min (y — 4,2y — 12) .y — 2 + 1),y — 1))

(%4131)

(%o31)

(%132)
(%032)

(%133)
(%033)

2_x1(x,y)) and

(%134)
(%034)

(%135)
(%035)

mkmatrix5(x,seq(0,8), y,seqby(11,0,-1),

0,0] [0,0] [0,0]
0,0] [0.0]
0,0] [0.0]

< 0.0 [0.0]
0,0 [0.0] [0,0]

S A A A A

0.0 [0,0] [0.0] [0,0]
/x (1f) */
[xmin,xmax, ymin,ymax] : [0,9, 0,7];
0,9,0,7]
Q) := [0,2] + t*[1,1];

Qt)=1[0,2] +t [1,1]
define(xQ(t), Q(t)[11);
xQ(1) ==
define(yQ(t), Q(t)[21);
yQt) :=t+2
[x=xQ(t),x=yQ(t)];

[r=ta=t+2]
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0,0]
X
[0.1]
X

0.2
X

0,0
[0,0]
[0,0]
0,0]
0,0]
0,0]

gradz(x,y));

0,0]
X
[0,1]
X

0,2)
X

0]
0,0]
[0,0]
0,0]
0,0]
0,0]
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Questao 1: gabarito (5)

(%136) define(h(t), at(z, [x=xQ(t),y=yQ(t)]));
(%o36)
h(t) := min (6, max (0, min (max (3, min (t — 2,2 (t +2) — 12)) ¢ + 1))

(%137) myqdrawp(xyrange(), myex1(h(x), lc(red)));
(%037)

orNWSs GO

(%138)
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Questao 2: gabarito

(%i1) mkmatrix5(x,xs,y,ys,expr) ::= i17) D20 (x,y));
buildg([x,xs,y,ys,expr], (o1 .
apply('matrix, W(a.y) .
nakelist (makelist (expr,x,xs),y,ys)))$ W_ox(r,y) W_y(ry)

i2) W_oxx(z,y) W_xy(z,y) W_yy(ry)

/% Algumas definicoes */ (%i18) ALEE6(H(x,Y));

gradef (W (x,y), W_x (x,y), Wy (x,y)$ (%ho18)
(%i3) gradef (W_x(x,y), W_xx(x,y), W.xy(x,y))$ W () W_x(2.9) . W_y (2,5) . W_xx(,y), W_xy (2.y) . W_yy (z,3)]
44) gradef (W_y(x,y), W_xy(x,y), W_yy(x,y))$
(415) diff6(F) = [F, (%119) atxy(diff6(W(x,y)), [x0,y01);

QfE(F,X),  diff(F,y), %019)

Ch
Aiff(F,x,2), diff(F,x,1,y,1), diff(F,y,2)I8 [V (x0,y0), W_x (x0,50), W_v (x0,y0) . W_xx (x0,v0) . W_xy (x0,¥0), W_yy (x0,y0)
atrix(fa,"","], [b,c,""], [d,e,£1)$
a + biDx + c#Dy + d*Dx"2/2 + exDx*Dy + f*Dy~2§ (%i20) DxDyat([3,4]);
pply ('M6_, abcdef)$ (%020)

%i6) M6_(a,b,c,d,e,1)
/i7) T6_(a,b,c,d,e,1)

pply('T6_, abcdef)$ [Dx=2-3Dy=y—1]

at(expr, [x=x0y0[1], y=x0y0[2]1)$

M6 (diff6(F))$ (%i21) T2 ([3,41,W(x,¥));

T6 (atxy (diff6(F) ,x0y0))$ (%o021)

[Dx=x-x0y0[1], Dy=y-x0y0[2]1$ W_yy (3.4) Dy + W_xy (5.4) DxDy +W_y(3,4) Dy W x(3,4) Dx+ 1V (5.4
(%i14) T2exp(x0y0,F)  := subst(DxDyat(x0y0), T2(x0y0,F))$

(%i22) T2exp ([3,4],W(x,y));
(%115) (%022)
M6_ (1,2,3,4,5,6); Wy (5,4) (= 3) (= )+ Wy (34) (5 )+ W_vy (5.4) (3~ 4+ W_x(3.4) (r — 3) 4 S0 4 gy (5

(%o15)

(%i16) M6 ([1,2,3,4,5,61);
(%o16)
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Questao 2: gabarito (2)

(%i28) F : xxy*(6 -2%x -y); (%i34) /* (2¢) */
(4023) T2(P1,F);
r(~y—22+6)y (ho34)
(6DxDy) — 12Dx*
(4i24) F : expand(F);
(tho24) (%138) T2(P2,F);
—(z4?) - 222y + 6y (%o35)

~ (2Dy?) — 2DxDy — 4Dx
(%125) P1 : [0,6]%

(%i26) P2 : [1,2]$ (%136) T2(P3,F);
427 P3 : (3,018 (lo36)
(%128) P4 : [0,00$ — (6Dy*) — 6Dx Dy
(129)
/x (2a) #/ 37) T2(P4,F);
D2F D2(F); (%o37)
(%029) 6Dx Dy
(: 20y +6ay
—y—day+6y - (2ay) -2 + 62 (i38)
(1) @y)-1c+6 - (22) Je () 7
%i30) grad(F) := [4iff(F,x),diff (F,]$
/x (20) */ (%139)  H(F) := hessian(F, [x,y))$
D2FP1 : atxy(D2(F),P1); (%140) detH(F) determinant (H(F))$
(%030) (%i41) crit(F) [F, grad(F), H(F), detH(F)]$
0
00 (4142) crit(x,y));
20 -6 0 (ho42) .
(%i31) D2FP2 : atxy(D2(F),P2); [ 06 et W (W) W) W W) Ny
(%031)
1 (%143) atxy(erit(F), P1);
(«» 0 (to3) .
s [n 0,0 (70’ ::‘) a8
(%i32) D2FP3 : atxy(D2(F),P3); -
(%032) (%144) atxy (crit(F), P2);
0 (%odd:
0 0 8 -2
0 —6 m) [J oo ( 2 2) u}
(%133) D2FP4 : atxy(D2(F),P4); (%i45) atxy(crit(F), P3);

(%033) (lo45) i
0 0 -6
(“ ) ) oo (1 ).

060, (%146) atxy(crit(F), P4);

Clot6)
[u.m 0 (:” f;) s«]
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Questao 2: gabarito (3)

(a47)

(oT)

(%148)
(%o048)

(%149)
(%oa9)

(%150)
(%o50)

(151)

(%o51)

(%152)
(%052)

(%153)

(%i54)
(%o54)

/% (26), preparacao +/
F
(ry?) — 202y + 6y
T2 (P2,);
— (2Dy?) — 2DxDy — 4Dx* +4
G : T2exp(P2,F);
—@-1) (y-2) -2
G @ expand(Q);
—(20) 22y + 10y —42* + 120 - 12
atxy (D2(F) ,P2);
!
00
-8 -2 -2
atxy (02(6) ,P2);
1
00
-8 -2 -4
nunsB (expr) :=
apply(matrix,
nakelist (nakelist (ev(expr), x,0,3),
¥, seaby(6,0,-1)))8
numsB([x,y]);

0.6] [1.6]
5 [1.3]
[1.4]
[1.3]

)
[L1]

il

(%155)
/e (20) #/
munsB(F) ;
(%o85)
0 12 18
0 -5 -30
0 0 -16
0 3 —6
0 4 0
0 3 2
00 0
(%156)
7o @)/
nunsB(G) ;
(to86)
—28 —40 —60'
o1
57
1e ) */

Cxmin,ymin, xmax,ymax] : [-1,-1, 4,71

(4i58) level(zz,color) := myimpl(F=zz, lc(color), 1k(z=z2))$
(4i59) levels() := [level( 3.95, gray),

level( 3.90, gray),

level( 3.85, gray),

level(3,  red),

level( 2,  orange),
level( 1,  gold),

level( 0,  forest_green),
level(-1,  blue)l§
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Questao 2: gabarito (3)

(%i60) (%i64) /+ 0s conjuntos B o C: */
/* As curvas de nivel da F, sem os vetores gradientes: */ B : create_list([x,y], y,seqby(6,0,-1), x,seq(0,3));
level(zz,color) := myimpl(F=zz, lc(color), lk(z=zz))$ (tos4)
(%161) myadraup(xyrange(), levels()); .
(%o61) (%165) eql : y = 6 - 2¥x;
%065
; (to65) -
o5 y=6-2
6z %0
1% (%166) eq2 : solve(eql,x);
57=Pps (o66)
4 {‘
3 y
(4167) subst(eq2, x);
2 Co67)
y=6
. ()
0 (%168) define(xmaxC(y), subst(eq2, x));
By U/ (ho68)
1012 3 4 xmaxC (y)
ni62) (%169) C : create_list([x,y], y,seqby(6,0,-1), x,50q(0,xmaxC(y)));
/* As curvas de nivel da G, sem os vetores gradientes: */ (%ho69)
level(zz,color) := myimpl(G=zz, lc(color), lk(z=z2))$ 10.6].[0.5].10. 4] [1.4]. [0.8]. [1.3]. [0.2], [1, 2], [2.2], [0, 1] [1, 1], 2,110, 0], [1,0].. 2. 0] [3. 0]
(%163) myqdraup (xyrange(), levels()); (i70)
(%o83) [myqdrawp(xyrange(), pts(B, pc(red), myps(3))),
myqdrawp (xyrange(), pts(C, pelred), myps(3))1;
(%o70)
7 7
6feee 5
sleeee s
ifeeee afee
sheene shee
2 2
1feeee ifees
o o
4 a
101234 101234
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Questao 2: gabarito (4)

(%i71) /+ 0 gradiente da F nos pontos de B: */
mmsB( grad(F) )
oT1)
0.0] [~24,-8] [~48,~20]
[5.0] [~15.-6] [-35.-16]
[-24,-12]

0.0]
(%4172) numsB (aty (grad (8),, [x,y1)) ;
(to72)

[0.0] [-24,—8
5.0 [~15.—6
(8.0] [-8,—4]
[0.0] [-3.-2
[0 [0.0]
(5.0 12
0.0 [0.4]

i73)
/+ 0 gradiente da F nos pontos de C: */
define(v_at (xy), atxy(grad(F)/10,xy))$

(%i74) define(Pv_at(xy), myPv(xy,v_at(xy), [ps(1)],h1(0.15)))$

(%i75) Pv_at([1,3]);
(%o75)

pts ([(1,3] . ps (1))  vector (uq (Tf]) (i‘)] m(nm)]

(4i76) grads_at_C : makelist(Pv_at(xy), xy, O)%

(Y377) myqdrawp (xyrange(), grads_at_C);

(hoTT)
,
.
sLe
irem
B e d
:loee
fese
eee
1
Toizs e
(%i78)

/% 0 gradiente da F nos pontos de C e as curvas de nivel
level(zz,color) := myimpl(F-zz, lc(color), 1k(z=z2))$

(%i79) myqdraup(xyrange(), levels(), grads_at_C);

Clo79)
! 95
N "
s
B
3
2
iy &
Hoaa
1
101234
(%180)

2024-2-C3-P1 2024decl6 18

%

16


http://anggtwu.net/2024.2-C3.html

